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Resumo 

 

As doenças cardiovasculares foram declaradas, pela Organização Mundial de Saúde, como a 

principal causa de morte nos últimos 15 anos. No entanto, a maioria delas pode ser prevenida se 

aprofundarmos a compreensão do sistema cardiovascular e criarmos modelos computacionais que 

representem a sua hemodinâmica, de modo a que haja parâmetros quantitativos (e preditivos) que 

possamos a associar a estados fisiológicos e patológicos. A comunidade científica está empenhada em 

representar todo o sistema cardiovascular, no entanto, dada a sua complexidade, é usual a 

representação apenas de uma porção significativa que condense o restante sistema através de 

condições fronteira (CF). Consequentemente, a escolha de CF apropriadas influencia a fiabilidade dos 

resultados da simulação numérica. 

O objetivo deste trabalho é determinar as variações nos parâmetros hemodinâmicos causadas 

pela utilização de diferentes CF nos vasos que nascem do arco da aorta. As condições avaliadas foram: 

pressão zero, quantidade de fluxo baseada na Lei de Murray e quantidade de fluxo baseada em 

percentagens encontradas na literatura. Para tal, foi criado um modelo da aorta até ao nível do tórax, a 

partir da segmentação de imagens anatómicas adquiridas por TAC. Este foi definido como o modelo 

computacional onde as equações de Navier-Stokes foram resolvidas, através do Método de Elementos 

Finitos. Na entrada da aorta, a CF imposta foi o fluxo medido no próprio paciente, através do estudo de 

Doppler, e na saída principal, foi imposta a condição de pressão zero. Os resultados das simulações 

foram comparados em termos da distribuição da velocidade e das tensões, bem como dos perfis de 

fluxo e foram validados tendo por base o fluxo medido no próprio paciente. Os resultados que mais se 

aproximaram das observações clínicas foram os das simulações que utilizaram CF baseadas no fluxo, 

enquanto que a simulação em que a pressão zero foi imposta apresentou algumas inconsistências. 

 

Palavras-chave: sistema cardiovascular, aorta torácica, hemodinâmica, dinâmica de fluidos 

computacional, condições fronteira, simulação numérica. 
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Abstract 

 

Cardiovascular diseases have been reported, for the last 15 years, the leading cause of death, 

by the World Health Organization. However, the majority of these conditions are preventable if we 

improve our knowledge of the cardiovascular system and use it to create computational fluid dynamic 

models that can be used to predict hemodynamic metrics and associate them with physiological and 

pathologic cases. The scientific community is committed to model the entire cardiovascular system, 

nonetheless, due to its complexity, it is common to model solely a portion of the cardiovascular system 

and represent the remaining circulation through boundary conditions (BCs). Therefore, the employment 

of appropriate BCs determines the computational accuracy of the numerical simulation. 

This work focused on determining the variations in hemodynamic performances caused by 

different BCs imposed on the secondary outlets that branch from the aortic arch. Those conditions were: 

traction-free, flow ratio based on Murray’s Law and flow ratio based on literature percentages. To 

achieve so, a thoracic aorta was modeled from the segmentation of CT-images and defined as the 

computational domain where the Navier-Stokes equations were solved by the Finite Element Method. 

At the inlet, the imposed BC was the subject-specific flow at the ascending aorta, obtained from 

ultrasound Doppler measurements. At the main outlet, a traction-free BC was imposed. The results of 

the simulations were compared in terms of velocity and wall shear stress distribution and flow profiles 

and validated against subject-specific flow rate. The results of the simulations where flow fraction was 

imposed were the most consistent with the clinical observations while the simulation in which traction-

free was imposed presented some singularities. 

 

Keywords: cardiovascular system, thoracic aorta, hemodynamics, computational fluid dynamics, 

boundary conditions, numerical simulation.  
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1. Introduction 

 

The latest report from World Health Organization (WHO), dated 2018, confirmed that 

cardiovascular diseases (CVDs) remain the leading cause of death in the last 15 years. In 2016, 31% 

of global deaths, which converts to 17.9 million deaths, were due to CVDs. In addition, a considerable 

number of these cases, refer to population under the age of 70, since 37%, out of the 17 million 

premature deaths on the same year, were caused by CVDs.[1] Portugal is no different from the rest of 

the world. Cardiovascular diseases were proven the deadliest in our country, and data from Centro de 

Estudos de Medicina Baseados em Evidência, which translates to Evidence-based Medical Studies 

Centre, showed that, just in the year of 2016, 740’000 people were affected by CVDs. This number 

accounts for 15’000 deaths, whilst the survivors suffer from incapacity. Healthcare costs, productivity 

losses and the cost of informal care of people with CVD also impact the economy.[2] 

Undoubtedly, these numbers raise concern, and even though the risk factors of these conditions 

have been identified, there is a demand from the medical community for scientifically rigorous and 

quantitative research. As a matter of fact, 80% of acquired heart diseases and related stroke episodes 

are preventable, if we improve the available knowledge of heart function and dysfunction.[3] Some in-

vivo tests are invasive [4], not sufficiently conclusive and some of them painful, for instance the 

catheterization procedures where, to assess the pressure profile of the cardiovascular system, a 

pressure guide wire is inserted in the patient’s heart. Furthermore, the ability to study conscious beings 

(e.g. animals) is particularly important (despite unethical), as arterial pressure is strongly affected by 

anesthesia. On the other hand, in-vitro tests are not accurate, as they fail to represent the complexity of 

a system that interacts with so many components. Less invasive than in-vivo and more accurate and 

flexible than in-vitro are the numerical simulations of the cardiovascular system. Comprehension of the 

cardiovascular system through the application of mathematical models, aligned with accurate numerical 

algorithms, has been progressing over the years. It has been contributing not only to the interpretation 

of the system’s functionality but also leading to discoveries with regards to the behaviour of its 

components both in physiological and pathological cases, aiding in surgical planning and predicting 

outcomes.  

 

1.1. Anatomy and Physiology of the Cardiovascular System 

 

In order to understand the complexity of dealing with and investigating the cardiovascular 

diseases, one should get acquainted with the cardiovascular system.  

The cardiovascular system comprises the heart, blood and blood vessels. Together, they allow 

the transportation of oxygen, nutrients and other substances essential to the performance of all the cells 

around the body, assure the removal of their excretory products and promote gas exchange. Another 

functionality of this system is protecting the body from infection and distributing heat accordingly.  
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The heart is a hollow muscular organ whose main function is pumping the blood through the 

circulatory system by rhythmic contraction and dilation, therefore it is often referred to as the pump of 

the system. A typical heart has the approximate size of a fist, so one can start imagining the power 

exerted by this small organ in order to supply the entire body. 

Internally, as illustrated in Figure 1, the heart is divided in four chambers, the two superior ones, 

called atria, and the two inferiors, called ventricles. Due to their relative position, they are designated as 

right and left atrium and right and left ventricle, respectively. Separating the right and left sides of the 

heart there is a wall, known as septum. Its superior portion, referred as interatrial septum, separates the 

atria, whilst its inferior portion, the interventricular septum, separates the right and left ventricles. 

Separating the atrium from the ventricle there is another septum, the atrioventricular. Opposite to the 

previous, the atrioventricular septum has openings that act as valves and allow the movement of blood 

from each atrium to its same-side ventricle. Located in those openings there are leaflets that control the 

opening and closing of the atrioventricular valves. On the right side, there is the tricuspid valve, named 

after its three leaflets (or cusps), and on the left side, there is the bicuspid or mitral valve. In addition, 

there are two more valves, composed of three flaps and known as semilunar valves; each one located 

between each ventricle and its connected great artery.  

 

 

 

Figure 1: Internal structures of the heart, taken from [5]. This anterior view of the heart shows the four chambers, 
the major vessels and their early branches, as well as the valves. The presence of the pulmonary trunk and aorta 
covers the interatrial septum. The atrioventricular septum is cut away to show the atrioventricular valves 

 

The great arteries are the aorta (connected to the left ventricle) and pulmonary artery 

(connected to the right ventricle) and they are called so because they are the primary and larger vessels 

that carry blood away from the heart. The arteries that transport blood away from the heart further branch 

into ever-smaller vessels. The first category of smaller vessels are the arteries. The arterioles turn into 

arterioles, which later branch in tiny capillaries in which, finally, the vessel walls are thin enough to allow 

oxygen, carbon dioxide, nutrients and excretory products to be exchanged between cells and the blood 

stream. Further, the blood exits the capillaries into ever-larger blood vessels, the venules, and ultimately 

the blood is carried back to the heart inside veins. 
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The interaction between the blood vessels and the heart is reflected in a great synchronism that 

moves blood through the circulatory circuit and is initiated by the contraction of the ventricles of the 

heart. Since there are two ventricles, two circulations can be distinguished: the systemic and the 

pulmonary. The systemic circulation begins when oxygenated blood, named arterial blood, is pumped 

out the heart from the left ventricle, exiting it through the aorta. Blood then flows through smaller arteries 

that branch into arterioles and capillaries. Here, oxygen and nutrients are delivered to the cells whereas 

carbon dioxide and metabolic waste from the cells are collected by the bloodstream. After these 

exchanges, the blood is now poorer in oxygen, designated as venous blood. Venous blood follows its 

way back to the heart inside venules, and then veins, entering the heart on the right atrium through the 

vena cava. The pulmonary circulation takes place when this deoxygenated blood enters the right 

ventricle, being pumped out through the pulmonary artery. Once again, this artery branches out to the 

capillary level, while carrying venous blood towards the lungs, where carbon dioxide is released and 

exchanged with oxygen. The newly oxygenated blood returns to the heart in ever-larger blood vessels, 

until it enters the left atrium through the pulmonary vein. The systemic circulation takes place again, as 

the following ventricle contraction imposes the next cycle. These circulations are coordinated by the 

cardiac cycle, which is the performance of the heart, pumping blood for both circulations, from the ending 

of one heartbeat to the beginning of the next. When blood enters the heart through the atria, the 

ventricles are relaxed and can be filled with blood, a phase of the cardiac cycle called diastole. By the 

time blood is ejected from the heart, the ventricles contract, a phase called systole. The deformations of 

all four chambers happen in a perfect sequence (at least in the physiological case), performing a cycle 

that lasts 0.6 to 1 second. 

The cardiac cycle is pressure-driven. In each cycle, when the blood arrives to the heart and 

enters the atria, the atrioventricular valve is still closed, and the ventricle relaxed, in the diastolic phase. 

Once the atrium fills, the blood pressure gets higher than the pressure felt inside the almost empty 

ventricle. This pressure difference forces the valve to open, allowing the flow of blood to the left ventricle. 

Once filled, the pressure inside the ventricle is now superior than the pressure of the artery connected 

to it. For that reason, the pressure exerted in that valve provokes its opening, and, simultaneously, the 

ventricle contracts, initiating the systolic phase, where the blood is expelled at high velocity and 

pressure. As blood is carried inside smaller vessels, it continuously flows to regions of smaller pressure 

and velocity, until, in the capillaries, they are low enough to promote the exchange of substances. After 

this process, as the blood travels in larger vessels, the pressure rises again to a point where the venous 

pressure is higher than the atrial pressure, enabling the entrance of blood in the heart.  

Moreover, it is the rapid opening and closing of the very thin valve leaflets at the heart that 

regulates blood flow in and out the chambers and prevents reverse flow. When the ventricle is relaxed, 

the pressure difference causes blood to attempt to flow back from the artery into the ventricle. This flow 

of blood fills the cusps of the valve (either the pulmonary or aortic valve, if we are referring to blood 

flowing back from the pulmonary trunk or the aorta, respectively), causing the valve to close and 

producing and audible sound, signalizing a heartbeat. 

The interplay between cardiac function and pressure can be represented graphically with the 

left ventricular pressure-volume (PV) loop. The PV loop, in Figure 2, is created by plotting the left 
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ventricular pressure (LVP) against the left ventricular volume (LV Vol) during a complete cardiac cycle 

at multiple time points. The consideration of ventricular pressure-volume characteristics and its 

mathematical expression explains many aspects of the left ventricular physiological and pathological 

function.[6,7,8,9] The clinical relevance of this understanding is highlighted by considering, for example, 

why afterload reduction is an excellent therapy for systolic heart failure buts fails to help, and instead 

harms, when systolic heart failure is not the problem.[6] 

  

Figure 2 Illustration of pressure-volume relationship in a single cardiac cycle at physiological conditions, adapted 
from [65] Left: Plot of LVP, in mmHg, and LV Vol, in ml, against time. Right: PV Loop. Instant 1 represents 
pressure and volume at the end of diastole, when the ventricle has been filled with blood. Ventricular contraction 
begins (phase b) and LVP rises until exceeds aortic pressure. At this point, instant 2, the aortic valve opens, and 
ejection begins (ventricular systole, phase c). During this phase LV Vol decreases as LVP increases to a peak 
value and then decreases as the ventricle begins to relax. At instant 3, the aortic valve closes and the ejection 
ceases. The LVP decreases, and when it falls below the left atrial pressure, the mitral valve opens again (instant 
4), so that the ventricle can fill with blood again (phase a) 
 

 

This and other features that can be drawn from pressure-volume relationships, such as 

ventricular contractility, diastolic compliance and interaction of the heart with arterial and venous 

circulations, represent the potentialities of the mathematical explanation of the cardiovascular system. 

Hemodynamics underlies this alignment between mathematics and cardiovascular system. Literally, it 

is the dynamics of blood flow, which means that it explains the physical laws that govern the flow of 

blood in the blood vessels. Numerical description helps us quantifying parameters, such as volume and 

pressure, as presented earlier, flow velocity and orientation or forces applied in the vessels, which 

characterize the physiological state, justify assessments, predict pathological scenarios and all the 

advantages that arise from this comprehension. 

 

1.2. Aortic hemodynamics 

 

Following this introduction on the importance of mathematical interpretation of the fluid 

dynamics of the cardiovascular system, the present work focuses on the laws that explain the behaviour 

of blood in a small, however important, part of it, the thoracic aorta (TA). The thoracic aorta comprises 
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the regions of the ascending aorta; the aortic arch, including the three main branches stemming from it, 

namely the brachiocephalic artery (BA), the left common carotid artery (LCA) and the left subclavian 

artery (LSA), and the descending aorta (DA). TA has a complex geometry: in addition to bending in the 

arch and branching, it has tapering of the lumen and distensible arterial walls. The importance of the 

aorta is underlined by its function on the cardiovascular system, its size and proximity to the heart. 

Besides that, TA’s complex geometry is subjected to common CVDs, which often manifest in forms of 

atherosclerosis (thickening of arterial wall caused by site accumulation of lipids), aneurysm (aortic 

dilation due to weakening of its wall) and dissection (disruption of the wall, separating a true from a false 

lumen). Therefore, being able to monitor changes in the hemodynamic factors derived from the velocity 

flow field, might give us precious tools to quantify the relation between flow and CVDs and predict events 

on the cardiovascular system. 

In this work, the governing equations of blood flow are solved for the thoracic aorta, in a 

discretized patient-specific model, which means the solution for velocity and pressure of blood in this 

vessel will be approximated at a finite number of points. The geometry of an aorta, is segmented from 

CT images, provided by Hospital Santa Marta, in an open-source image-processing software, 3D Slicer. 

After edge filtration and smoothing of the geometry, the domain is discretized. This discretization allows 

the characterization of the aorta as a computational domain, where the governing equations will be 

solved. This requires solving millions of nonlinear partial differential equations (PDEs) simultaneously 

and repeating this process for thousands of time intervals in a cardiac cycle. The numerical methods for 

solving these fluid dynamics problems are known as computational fluid dynamics (CFD) methods. 

Besides the equations and the computational domain, boundary conditions need to be specified. 

Boundary conditions are mathematical relationships between the variables of interest defined on the 

boundaries of the mathematical model. Specific to modelling blood flow in the thoracic aorta, the domain 

of interest is where the blood is flowing (the lumen), and the relevant boundaries are the lateral surface 

(commonly designated vessel wall), the inlet boundary (a section early in the ascending aorta), and the 

outlet boundaries of the descending aorta and of the branches in the aortic root (secondary outlets).  

Particular attention and research is paid to boundary conditions, as their inappropriate choice 

would result in non-physical solutions. Therefore, the aim of this work is to compare the impact of using 

simple, but common, outlet boundary conditions while the inlet boundary condition is the patient-specific 

flow rate, obtained from Doppler velocity measurements. Recent studies concluded that, in order to 

obtain physiologically realistic results, measured flow rates should be imposed at three of the four outlets 

of the TA model [10]. Therefore, in this work, flow rates based on Murray’s Law and reference flow ratios 

are imposed to the secondary outlets (BA, LCA and LSA) whilst a traction-free condition (zero pressure) 

is imposed to the main outlet (DA). The solutions obtained with such outflow conditions are then 

compared with the solution obtained by imposing a traction-free boundary in all four outlets and all the 

simulations are validated with patient-specific measurements. The results of these solutions, solved 

using the software COMSOL Multiphysics, are presented and the best suited outlet boundary condition 

discussed. I hope my small contribution to this mesmerizing field assists posterior meaningful studies. 
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2. State of the art 

 

So far, through local hemodynamic analysis, we have been able to understand some regulatory 

mechanisms in the circulatory system. For instance, it is known that a decrease in blood pressure causes 

the contraction of arterioles, increasing the heart rate. On the other hand, an excessive blood pressure 

is counter-reacted by a relaxation of the arterioles, which causes a reduction of peripheral resistance to 

the flow and decrease of heartbeat.[11] Accordingly, we are in a position to relate pressure changes to 

heart rate and vascular resistance and further relate their behaviour with pathological conditions. 

Moreover, it is acknowledged that forces and stresses produced by the blood flow on the walls of blood 

vessels are critical to the development of different CVDs. Yet, these parameters require more than just 

qualitative assessment. The demand for quantitative research from the medical community motivated 

the emergence of this new field of applied mathematics, which includes modelling, numerical analysis 

and mathematical and scientific computation.  

The correct interpretation of fluid dynamics is determined by the properties of the fluid, which 

means, the physical quantities that are specific to the material of interest and which are responsible for 

the response it has in specific conditions. Hemorheology is the study of blood flow properties, specifically 

the deformation behaviour of blood and its constituents. However recognized in a liquid state, blood is 

complex, mainly due to the suspension cells that are part of it, therefore inadequate to be studied as a 

fluid in common sense.[12] The first section of this chapter describes the known hemorheological 

properties. The following section addresses the governing equations of blood flow and, finally, the 

boundary conditions that can be used to model the upstream and the downstream vasculature of the 

thoracic aorta. This chapter ends with the description of the numerical methods employed in solving 

CFD problems. 

 

2.1. Blood and Hemorheology 

 

Blood is a fluidized suspension, where formed cellular elements are suspended in an aqueous 

solution designated plasma. Plasma accounts for 55% of the whole volume of blood and consists 

primarily of water (92% by weight) where organic and inorganic substances, proteins and other 

components are dissolved. The physiological role of plasma is the transportation of all these substances 

throughout the circulatory system. The remaining volume of blood consists of the blood cells: 

thrombocytes, leukocytes and erythrocytes.[13] The average density of the whole blood for a human is 

1050-1060 kg/m³, at 37℃, [16] and given the fact that it remains constant at this temperature, blood is 

considered an incompressible fluid. 

Thrombocytes, or platelets, contribute for less than 1% of the blood volume, and are the smallest 

elements, measuring between 2 and 4 μm.[14] They are oval shaped, but due to their functionality, they 

are able to change their physical form when in contact with damaged vascular surfaces, creating a 

platelet plug. In these situations, they also release chemicals that activate nearby platelets and adhere 
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to each other, and in the most severe cases (larger vascular injuries), the result is blood clot formation, 

essential to stop the bleeding. 

Also, less than 1% of the volume of blood, are the leukocytes, commonly referred to as white 

blood cells (WBC). These are bigger than the previous, roughly spherical in shape and with a 7-22 μm 

diameter. WBC are, in fact, a family of cells with five different morphological types, all physiologically 

designed to protect the body and fight infections, through the destruction of bacteria and viruses and 

the formation of antibodies and sensitized lymphocytes.[14] 

Finally, the majority of the 45% of blood volume that is not plasma is occupied by erythrocytes, 

or simply, red blood cells (RBC). These are smaller than the previous, with a 6-8 μm diameter in a 

shaped-like biconcave disc. They are filled with a saturated solution of hemoglobin. Hemoglobin is the 

protein responsible for the transportation of oxygen between the lungs and the tissues, and some of the 

carbon dioxide as well. Besides their important physiological role, RBC have the largest influence on 

the mechanical properties of blood. Their flexibility allows the discoid shape to be changed as a result 

of mechanical, chemical or thermal effects, influencing directly the viscosity of blood.  

Formerly, blood was considered purely viscous, but this classification was found to be poor for 

such complex fluid. Viscosity, represented as 𝜇, is a measure of the resistance of the fluid to flow. For 

instance, honey is a fluid with high viscosity, very “thick”, flowing very slowly, reflecting its internal 

resistance. On the other hand, a low viscosity fluid can be thought as “thin”, flowing easier and faster. 

The flow, a word for the motion of the fluid, is actually the deformation of the material, as its layers move 

parallel to each other in a progressive manner. This motion is the result of the application of a deforming 

force (or stress), acting parallel to the surface of the fluid. Hence, shear stress is defined as the force 

per unit area, acting parallel to the surface. The degree of deformation is strain, in this case shear strain. 

Moreover, the relationship between the shear stress (the force that causes the deformation of the fluid) 

and the shear strain rate (the rate of change of the fluid’s deformation over time), defines the fluidity of 

liquid and therefore reflects the internal resistance between layers, the viscosity. 

Fluids with constant viscosity, are classified as Newtonian fluids. For this type of fluids, it is 

verified that the shear stresses are linearly proportional to the shear strain rate, therefore Newtonian 

fluids are the simplest mathematical models of fluids that account for viscosity. However, when focusing 

on blood and the behavior of its constituents, this does not always apply, and blood is classified as a 

non-Newtonian fluid. 

The evidence of the non-Newtonian behaviour of blood is explained by the characteristics of the 

RBC. As it has been referred earlier, these cells play a key role in the properties of blood and that is 

because of their capacity to deform and aggregate, resulting from the elastic energy stored in their 

structure. This energy stems from the work done by the heart when pumping blood. Thus, blood exhibits 

a rather viscoelastic behaviour, due to its ability to store and release elastic energy from RBC.[15] This 

ability is determined by the hematocrit (the concentration of RBC in the whole blood), plasma viscosity 

(determined by the water content and plasma protein concentration) and the mechanical properties of 

RBC under certain shear strain rate conditions (deformability and aggregation). 

The property of non-constant viscosity manifests when different shear strain rates are applied. 

At rest or at low shear strain rates, RBC tend to aggregate and stack together in a configuration with the 
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least amount of deformation and significantly resistant to motion. Therefore, at very low shear rates, 

blood has a high apparent viscosity, its viscoelastic property is dominated by aggregation and 

deformability is relatively insignificant. As shear strain rate increases, the cells tend to rearrange and 

orient themselves to create channels for the plasma to pass through and for the cells to slide between 

each other, less resistant to motion. During this low to medium shear rate, the cells twist with respect to 

the neighbour cells, allowing flow. The influence of their aggregation progressively diminishes, and the 

influence of RBC deformation begins to increase. As shear strain rates become larger, RBC will tend to 

stretch and align with the flow. Cell layers are formed, separated by plasma, and motion is finally 

attributed to layers of cells sliding on layers of plasma. The cell layer enables easier flow of blood thus, 

there is a reduction in viscosity. This effect of viscosity decreasing with high shear rates is called shear-

thinning. 

There are several generalized Newtonian models to represent the dependence of viscosity on 

the shear rate. From simple models like the Power-Law [17], Prandtl-Eyring model [18], Powell-Eyring 

model [11], the well-known Cross-model [19] and Carreau model [20] to even more complicated models 

like Oldroyd-B models [21]. These models appear to be useful, especially in cases of some blood 

diseases, for example when the ability of RBC to deform is compromised or when the hematocrit value 

is altered, which influence the viscoelastic behaviour of blood. They can be also useful when, in the 

domain of the problem, we need to account for the Fahraeus-Lindqvist effect. This effect results in a 

decrease of the viscosity in the capillaries when a layer of plasma stays in contact with the vessel wall, 

while the RBC move to the center of the capillary. This layer of plasma acts as a slider, facilitating the 

movement of RBC and, consequently, reducing viscosity. However, when these are not the cases we 

study, similar to this project, where we are interested in the analysis of blood flow in an apparently 

healthy aorta, we can discard the non-Newtonian characteristic of blood, and, for numerical calculation 

purposes, consider it a Newtonian fluid. In fact, experimental studies have proven that at high shear 

rates and in large vessels, the viscosity of human blood, in normal conditions (45% hematocrit), reaches 

a constant value of 3.0-4.0 mPa⋅s.[16,22] In the light of shear strain rates in large arteries being 

predominantly high, it is common [4,10,23,24,26,27] to ignore the non-Newtonian behaviour of blood 

and follow the Newtonian law of viscosity. 

The fact that, for hemodynamics modelling, blood is often considered as a Newtonian fluid, is a 

key component for the mathematical description of blood flow, which is addressed in the following 

section. 

 

2.2. Governing equations of blood flow 

 

The main equations for modelling arterial flow lay on the same principles of that of fluid dynamics 

for any other fluid, the laws of motion (the momentum equation), conservation of mass (the continuity 

equation) and conservation of energy (the energy equation) and form a system of partial differential 

equations known as the Navier-Stokes equations. In its general form, this is a time-dependent system 
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that needs a set of additional constraints: the boundary conditions (such as inlets, outlets and walls) and 

appropriate initial conditions in order to be solved. 

To begin, the system can suffer simplifications and the equations reduced. In this type of 

hemodynamic study, where the focus lays on the assessment of boundary conditions and the 

physiological conditions are simulated on short time period, it is assumed that the blood flows at the 

constant normal temperature of the body and for that reason is isothermal. Regarding this assumption, 

the energy equation, which is formulated in terms of temperature, can be decoupled.[37] Under the 

assumptions that blood is a Newtonian, incompressible fluid (as stated in the previous section), the 

Navier-Stokes equations can be described as: 

 

                                                                                 (1) 

                                                           (2) 

 

where the principal quantities describing blood flow are the velocity vector u = [u, v, w] and the pressure 

p, which vary in space x,y,z and time t. In (1), ∇ ∙u represents the spatial divergence of the vector field 

u. In (2), 𝜌 is the fluid’s density and 𝜇 is the fluid’s viscosity. The term on the left is the total derivative of 

u, which comprehends 
∂u

∂t
, the change of velocity with time, and (u∙ ∇)u, the convective term. On the right 

side, ∇p is the pressure gradient, 𝜇∇2u is the diffusion term and: 

 

The continuity equation (1) of fluid dynamics is the conservation of mass, an idealization under 

which fluids can be treated as a continuous material, even though on a microscopic scale they are 

composed as molecules. The conservation of mass implies that, if there are no sources nor sinks, the 

material cannot disappear spontaneously, i.e. the rate of change of mass within the domain, is only due 

to what comes in minus what comes out. Particularly, the rate of change of blood volume in an artery, 

is due to the amount that comes into the artery minus what comes out. 

The momentum equation (2) comes from the concept of momentum of Newtonian dynamics. 

Analogously to what was done with the mass conservation equation, the momentum equation states 

that the rate of change of momentum within the domain, plus the net flux of momentum out the domain 

is equal to the applied forces on the domain. In other words, body forces, applied surface forces and 

internal forces must be in equilibrium. 

 

2.3. Blood flow characterization in the aorta 

 

There are several similarity parameters used to characterize a flow. This section presents two, 

significant for the characterization of blood flow in a vessel and understanding its behaviour. 
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2.3.1. Reynolds number 

 

Reynolds number is a dimensionless quantity that predicts the behaviour of the flow, whether it 

is laminar or turbulent. It is given by (3), where U is a representative mean flow velocity, 𝜌 is the fluid’s 

density, 𝜇 is the dynamic viscosity of the fluid and L is a linear length of the vessel, namely the diameter, 

and represents the ratio between inertial forces and viscosity.  

                                                                     (3) 

 

Thus, low Reynolds number, Re, means the viscosity is much higher than inertial forces, 

describing a laminar flow. This characterizes the flow in the majority of the arterial system. High Re, in 

turn, represents situations where the inertial forces become predominant whereas the viscous effect 

become negligible, describing a turbulent flow. 

The estimated range of Re for the aorta is substantially above the magnitude typically 

associated with transition to turbulence of a Newtonian fluid (around 2300). Due to physiologic variability 

of all the parameters of (3), there is not one correct value of Re for the aorta. An average Re is 3400 

[11] but other researchers consider it between 3200 and 6100, in the ascending aorta, and still a non-

turbulent flow.[14] There are also studies reporting that, using flow-sensitive MRI, the average peak 

Reynolds number is higher in the ascending (≈4500) and descending aorta (≈4200) than in the aortic 

arch (≈3400).[25] 

In sum, in normal physiological situations, the value of Re reached in the cardiovascular system 

does not allow the formation of full-scale turbulence. Nevertheless, at the systolic phase, where the 

velocity of blood reaches the highest values, some flow instabilities may occur at the exit of the aortic 

valve. In fact, in this region, the Reynolds number may reach the threshold value for turbulence, but only 

for the instantaneous period of the cardiac cycle that corresponds to the systolic peak. Therefore, there 

is not enough time for a full turbulent flow to develop.[11] 

 

2.3.2. Womersley number 

 

Womersley number is a dimensionless quantity given by (4), where L is a linear length of the 

vessel, namely the diameter, 𝜔 is the angular frequency of the oscillatory flow, 𝜌 is the fluid’s density 

and 𝜇 is the dynamic viscosity of the fluid.  

                                                                   (4) 

It is more relevant for unsteady flows, since it represents the ratio between the effects of 

unsteadiness and viscosity. Low Womersley number (𝛼) means the viscosity is much higher than 

unsteady inertial forces, describing a quasi-steady flow. High 𝛼, in turn, represents situations where the 

unsteady inertial effects become predominant, describing an unsteady flow. 
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The estimated range of 𝛼 for the aorta is between 16 and 30 [14], a considerably high value, 

therefore describing the blood flow as unsteady. This description predicts a flattened velocity profile, 

where inertial forces are dominant in the center of the vessel and viscous effects are dominant near the 

boundary. Experimental studies also report that the average Womersley number monotonically 

decreases from the ascending (16.1) towards the descending aorta (12.0), which is consistent with the 

dependency of the Womersley number on the vessel diameter and velocity.  

 

2.4. Boundary conditions 

 

The Navier-Stokes system, when used to model blood flow, needs to be complemented with 

initial values (an estimate for the solution at initial time) and with boundary conditions (BCs). The BCs 

are associated with inlet, outlet and walls. Together with viscosity and density values, they are the input 

parameters of the CFD simulation. If their choice is appropriate, the solution to the system will hold a 

valid prediction of the fluid’s velocity and its pressure in a given geometry, in this case, the thoracic 

aorta. However, TA is not an isolated entity, it is part of the cardiovascular system, as explained in 

chapter 1, which is a closed network with millions of vessels interacting with each other. For that reason, 

the boundary conditions should truncate the upstream and downstream vasculature absent in the 

computational domain. 

 

2.4.1. Inlet boundary conditions 

 

The inlet boundary condition should truncate the upstream vasculature of the vessel of interest 

and, in the case of the aorta, the inlet is a crucial part of the hemodynamic simulation once it represents 

the impulsion by the heart to the system. The complete characterization of the inlet would require having 

a velocity profile, with a vector field, or a time-dependent flow rate or pressure waveform, obtained from 

noninvasive in vivo measurements, which are not always available. Usually, only averaged data are 

available, i.e. mean velocity and/or mean pressure, instead of a vector condition. These defective data 

are insufficient for a complete mathematical formulation.[11] Thus, researchers had to devise alternative 

formulations for the boundary conditions which both reflected the physics with the available data and 

allowed the formulation of a meaningful and, if possible, well posed mathematical problem. 

The simplest alternatives include idealized velocity profiles, which are supported by clinical 

evidence, and often prescribed as inlet boundary conditions. For instance, flat-velocity profile, an 

idealized profile of uniform velocity, is used because in vivo measurements have demonstrated that the 

velocity profile in the ascending aorta, distal to the aortic valve, is essentially flat.[16,23] Fully-developed 

profiles are also often used and shown to have good correlation with subject-specific velocity profiles. 

[16,28] The idealized parabolic profile is generated through the application of a uniform velocity at the 

entrance length of an extension affixed to the geometry, allowing the flow to become fully developed as 
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it reaches the original inlet of the geometry of the aorta. Womersley profiles are also implemented 

velocity profiles, especially in unsteady flow simulations.[29,30] 

When time-varying velocity data obtained with PC-MRI (Phase-contrast Magnetic Resonance 

imaging) or Ultrasound are available, an average velocity can be prescribed at the inlet.[16] Additionally, 

if the diameter of the section where the velocity was obtained was measured, the volumetric flow rate 

can also be prescribed as the inlet boundary condition [30-32], according to (5): 

 

                                            (5) 

where Q is the volumetric flow rate, v is the measured average velocity and A is the area of the section 

where the velocity profile was measured. 

Patient-specific time-varying pressure waveforms are also available, usually from 

catheterization-based pressure acquisition, which is an invasive and painful technique only performed 

in patients with indication for surgery. These are less frequently prescribed as inlet boundary conditions 

[33], partly because patient-specific pressure data acquisition is not precise enough [34,36]. Another 

reason is derived from the fact that the amount of blood flowing in the computational model is very 

sensitive to pressure gradients between inlets and outlets. Therefore, small errors in the imposed 

pressure data often lead to great differences in the velocity from the actual values.[16] 

The above described at the inlet boundary conditions are only valid for one particular 

physiological (or pathological) case, therefore, when there is no experimental data available, a different 

velocity, flow or pressure waveform need to be based on literature data. Furthermore, to simulate 

different physiologic conditions, different inlet boundary conditions must be assigned and, beyond that, 

the bidirectional interactions between the downstream computational domain and the upstream portion 

of the cardiovascular system are ignored. These reasons motivated the development of a lumped 

parameter heart model as an inflow boundary condition. This model couples implicitly, using the coupled 

multidomain method, a lumped parameter heart model (a zero-dimensional model because the 

quantities represent have no spatial dependence) to the inlet of a patient-specific three-dimensional 

finite element model of the aorta. Lumped parameter heart models represent the circulation in analogy 

with electric networks, where the flow rate is represented by the electric current and pressure by the 

voltage. The heart valves are represented by diodes, which allow the current flow in only one direction; 

the vessel resistance and compliance are represented by electrical resistance and capacitance, 

respectively.[38] As explained in [42], the opening of the aortic valve is driven by the difference between 

the ventricular and the aortic pressure, while the closing is governed by the flux. When the aortic valve 

is open, the coupled multidomain method is used to strongly couple the lumped parameter heart model 

and the three-dimensional arterial model and compute ventricular volume, ventricular pressure, aortic 

flow and aortic pressure. 

Unfortunately, the parameter values that govern these models, like resistances and 

compliances, can hardly be obtained from measurements or other means and rely on accurate pressure 

measurements in the proximal aorta (which, as referred, are very unlikely to obtain). In addition, there 

are multiple physiological states, thus there is not one correct resistance value, for example. Therefore, 

the parameters of the lumped parameter heart model must be tuned to approximate the measured 
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cardiac output and pulse pressure, using iterative mathematical methods, that themselves are complex 

and time-consuming. Despite the ability to study the interactions between the heart and the arterial 

system, this method still needs improvements, namely automatic optimization of these parameter 

values. 

 

2.4.2. Outlet boundary conditions 

 

Despite the importance of the inlet boundary condition, the solutions to the Navier-Stokes 

equations in large arteries are also highly dependent on the imposed outlet boundary conditions to 

represent the downstream microvascular systems. It has been demonstrated that velocity and pressure 

fields of the same computational domain can change significantly depending on the choice of outflow 

boundary condition.[39] Since it is impossible to trace all branches downstream the aorta (since they 

branch and connect to smaller vessels and also because they would make the computational domain 

too big), the model must be truncated by an artificial boundary condition at some point. The further the 

boundary is from the vessel of interest, the less influence it will have on local results, but the larger the 

computational domain will be.  

The boundary conditions at the terminations of the branches of the vessel of interest can be 

handled using many different strategies, therefore it is still a topic of debate and continuous 

development, especially due to the lack of patient-specific measurements for outflow. At the inflow 

sections, the missing data can be replaced by adapting literature data to the case of interest, but it is 

more difficult to do so at the outflow sections, mainly due to the morphological variation.[10] Therefore, 

the goal of such artificial boundary conditions is to simulate the extension of the artery, and thus, 

correctly treat the velocity profile reaching the artery termination.  

According to [4], the consideration of a fully developed flow is widely used in the situation where 

patient-specific flow measurements are unavailable and constant fractions of the inflowing flow are 

prescribed as outflow boundary conditions. Such fractions are commonly approximated according to 

Murray’s Law, in which a percentage of the equivalent inlet mass flow rate is assigned individually to 

each vessel outlet [10,23,40], or according to a reference flow percentage. For the outlets, most of the 

references impose a percentage of the flow rate for each secondary branch, often taken as 5%, 5% and 

5% for BA, LCA and LSA in humans.[32,41] 

However, it is still common amongst the cardiovascular research community to use simpler 

outlet boundary conditions such as traction-free, which consists in assigning a zero pressure to the 

boundary, similar to assuming the vessel is cut and exposed to atmospheric conditions, thus neglecting 

the resistive effects of downstream vessels. 

Despite the work of [23], there appears to be a lack of comparison of how the simpler boundary 

conditions applied to the outlets, namely, zero pressure, flow ratios based on ML and the combination 

of flow percentage and in vivo measurements affect the results, in the pulsatile dynamics case, using a 

complex aortic model.  
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Nevertheless, some studies focus on replicating the vascular impedance of the downstream 

vasculature. Hence, new outlet boundary conditions have been developed to better model the interaction 

between the computational domain and the downstream vasculature, by coupling the domain with 

simple models such as resistance, impedance, lumped parameter or distributed models.[10,30] 

Similarly to the models applied at the upstream vasculature, lumped parameter (zero 

dimensional models) can represent the peripheral circulation by compartments, described by scalar 

variables that can be analogous to electric networks. The flow rate would be represented by the electric 

current and the pressure by the voltage and the coupling equations between compartments given by 

the Kirchhoff laws. The compartments would then give information on vascular compliance, inertia and 

viscosity by means of capacitances, inductances and resistances, respectively. 

Again, the main issue with these models is the fact that they require numerical strategies to 

calibrate the model parameters to guarantee that the flow distribution criteria is verified (either by 

applying bifurcation laws or satisfying measured cardiac outputs, for example).  

The distributed (one-dimensional) models enable the assessment of spatially distributed 

phenomena that take place inside the arterial tree and aspects of wave travel, such as pressure wave 

travel on the vessel wall and reflection of those waves. These models, contrary to those previously 

mentioned, assume a finite pulse wave velocity. In these models, the pulsatile pressure-flow relation of 

the aorta is represented by the characteristic impedance of the vessel, which is determined by local wall 

stiffness and diameter.[43] This means that, as the flow is delivered into the aorta, the resulting pressure 

and flow waveforms are transmitted downstream as forward traveling waves at a velocity that is 

dependent on aortic stiffness and diameter. As the forward pressure waves travel distally, they 

encounter branching points with different arterial wall thickness and stiffness. Thus, at these boundaries, 

there is an impedance mismatch that gives rise to partial wave reflection, proportional to the amount of 

local impedance mismatch. However, to compute impedance, pressure and flow waveforms must be 

transformed into the frequency domain, in order to account for the frequency’s (of the transmitted and 

reflected pressure waveforms) dependence on impedance, which comes with a more complex 

interpretation.[43] 

Structured arterial trees are another example of an outflow boundary condition, which provide 

a dynamic boundary condition that maintains the phase lag between blood flow and pressure as well as 

high-frequency oscillations present in the impedance spectra.[4] It is an arterial model constructed as a 

tree, in which the radii of the daughter vessels are scaled from the parent vessel, and the resistance of 

each arterial segment computed from its length, radius and viscosity. Then the total resistance of a 

structured tree, used as outflow condition, is obtained by adding up the resistances from the most distal 

segments, based on the arterial tree map.[44] 

Facing such variety of methods, the main reason that the application of the boundary conditions 

remains somewhat controversial is that there is no gold standard for its validation.[45] 
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2.4.3. Wall boundary conditions 

 

Since the vessel wall encloses the fluid, it is also a boundary that needs constraints. Due to the 

cardiac impulsion, the thoracic aorta is subjected to high loads, and consequently, undergoes large 

deformations concerning both the luminal radius and vessel displacements. Rigorously speaking, the 

surrounding tissues also influence these deformations, hence, a complete description of the phenomena 

to which the vessel wall is subjected should include interaction with the spine on the outer wall of the 

descending portion of the aorta and with the heart in the ascending aorta. Besides deformation, other 

mechanical properties such as viscoelasticity, longitudinal pre-stress and wall inertia are accounted 

when modelling the interaction between the blood flow and the arterial wall. However, when dealing with 

physiological situations, inertia and viscoelastic effects are not very important.[11] 

When the blood flow is modelled considering its interactions with the wall, a fluid-structure 

interaction (FSI) analysis is performed. This is a very challenging field of computational hemodynamics, 

mainly due to the difficulties in formulating and solving the coupled problem of fluid and solid. A 

traditional FSI three-dimensional model describes the complete coupled system made of the equations 

of blood flow and those for the vessel wall deformation. In this approach, the fluid is described with a 

Eulerian description, whereas the solid is described with Lagrangian description. The fluid generates 

forces that are transferred to the boundary and, in turn, the fluid velocities are imposed based on the 

velocity of the solid at the boundary. This can be done through the Arbitrary Lagrangian-Eulerian (ALE) 

formulation. However, since the density of the vessel wall is comparable to that of blood, the stability of 

numerical simulations of fluid-structure interactions relies heavily on the accuracy in solving the 

nonlinear coupled problem at each time-step.[11] Additionally, the ALE formulation, is computationally 

expensive when considering large models of the vasculature, and less robust than linearized kinematics 

methods, since it requires the continuous update of the geometry of the fluid and the wall to ensure the 

dynamic deformability of the mesh. 

To reduce the overall computational complexity, it is common to resort to simplified models of 

the vessel, for instance, considering the fact that the effective wall thickness is relatively small makes 

reasonable its reduction to a surface, allowing a shell-type representation of the vessel. Also, in these 

simplified models, the variation in stresses in the circumferential direction are neglected, thus it is 

assumed that the wall is constant in the reference configuration.[11] FSI may provide more accurate 

and physiologic description of the hemodynamics, specially of arterial stresses, strains and wave 

propagation phenomena compared to a rigid wall model, however it comes at higher computational 

costs due to more complex numerical algorithms and requires the determination of patient-specific 

arterial wall properties, which are difficult to obtain experimentally.[16] 

To summarize, there are several approaches to study the interaction between the fluid and the 

wall, and they are chosen according to the required level of the detail and extension of the region to 

consider in the study. 

Many works have focused on patient specific simulation based on the rigid wall. This decision 

is motivated by the fact that the results are focused on comparisons between different scenarios (either 
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configurations or boundary conditions) rather than in precise quantification of hemodynamic 

parameters.[4,46] 

Any CFD model that is considered for clinical research, should reproduce the relevant physical 

characteristics for the problem proposed, but should be no more complex than it needs to be. Whether 

or not FSI is included, it is crucial that appropriate boundary conditions are given, otherwise the 

equations cannot be solved.[16] 
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3. Methods 

 

This chapter describes the methodology used to achieve the purpose of this work. To create a 

model and represent the fluid dynamics of blood, we started with the development of the domain, i.e. 

the physical bounds of the thoracic aorta, from image-based patient specific geometries. Posteriorly to 

image acquisition, the model reconstruction included two-steps: image segmentation and post-

processing, which are described in the upcoming sections of this chapter.  

After the domain definition, the mathematical model that is used to represent the problem was 

defined. The model, including the discretization methods and their implementation are also described. 

Finally, the last section of this chapter includes the mesh refinement study performed and its 

results to justify the chosen finite element mesh of the geometric model of the aorta.  

 

3.1. Data segmentation 

 

A thoracic X-ray computed tomography (CT) acquired from a 20-year-old patient, was kindly 

granted from Hospital Santa Marta. A CT is an imaging technique that generates cross-sectional images 

of an object (a region of interest of the human body) through the computerized processing of the 

information obtained from X-ray measurements. These cross-sectional images are commonly 

designated as slices and, depending on the machine, their thickness can range from 1 to 10 

millimeters.[47] This way, we can see the interior structures of the body through these various slices, 

that can be displayed in the three anatomical planes: axial, sagittal and coronal. The images are 

displayed in gray scale, each shade of gray representing a degree of attenuation of the X-rays by the 

tissues. To enhance the contrast of the structure of interest, the aorta, a solution of iopromide (marketed 

under the name Ultravist [48]) was administered intravenously to the patient, resulting in a greater 

absorption of radiation by the blood than by the surrounding tissues, hence the high contrast. From this 

set of images, using an adequate software, the structure of the aorta could be isolated and retrieved as 

a model, in a process designated segmentation. 

The segmentation of the aorta was the first step to obtain the geometry of the organ of interest. 

Segmentation of the aorta is, in other words, the process of delineating its contour and separate it from 

the remaining organs and tissues present in the scan. To do so, the open-source software 3D Slicer 

was used. 

This research software is specialized in medical image processing and three-dimensional 

visualization from DICOM data. DICOM, abbreviation for Digital Imaging and Communications in 

Medicine, is a format for medical files and a communication protocol to store medical information 

ensuring the compatibility between equipments. 

In 3D Slicer, the first step was importing the DICOM data file. All the studies and series 

performed in the CT acquisition are presented, and once the series of interest were loaded, the data is 

displayed in Axial, Sagittal and Coronal view, as shown in Figure 3. 
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Each view contains a set of slices, that cover the thoracic region, in each anatomic plane. This 

means that there are several intensity-based pictures (slices) of the thorax from the front to the back of 

the body (coronal plane), from left to right side (sagittal plane) and from top to bottom (axial plane). The 

structural information in these three directions allows us to reconstruct the volume of the aorta, by 

selecting the pixels that represent the aorta in each slice, that will be connected and create a three-

dimensional model. The aorta is easily recognized, however, to be accurately segmented, we need to 

meticulously identify its contour, therefore we proceed to adjust brightness and contrast of the image. 

These parameters can be adapted throughout the process, in case the images need further adjustment.  

 

 

Figure 3: 3D Slicer panel after loading the DICOM data of a thoracic CT. The data is displayed as three sets of 

slices, in three different windows, according to the orientation of the image. On the right, from top to bottom: axial 

plane, sagittal plane and coronal plane.  

 

Then, to start segmentation we must enter the Segment Editor Module and click on +Add to add 

a new empty segment and select its category (aorta) from a built-in list. The segment is a label map 

created by painting the pixels of the structure of interest on several slices which are then rendered into 

a volume. To facilitate this painting task, the tool Level tracing was used that, by moving the mouse in 

the region of interest, defines an outline where all the pixels have the same background value as the 

selected pixel. However, this tool alone does not grant a perfect delineation of the region of interest, 

since the intensity values are not homogeneously distributed. We must bear in mind that when the 

contrast agent is administered it flows, therefore its distribution on the vessel is not always uniform, 

justifying the different levels of contrast found in different regions of the aorta. Moreover, a CT image 

acquisition can take up to one hour and during that time the heart continues to beat, deforming itself and 

the surrounding tissues. This motion is reflected in the acquired images, being another possible 

explanation for the defective inherent contouring of the exam. For these reasons, we need to 
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complement the Level tracing tool with manual segmentation using the Paint and Erase effects. Figure 

4 shows four slices in the axial plane after the pixels correspondent to the aorta are painted. The more 

accurate work we do at this stage of segmentation, the better, to avoid edges or holes in the final model 

that result from incorrect selection of pixels.  

 

  

  

Figure 4: Segmentation of the aorta. Axial views of thoracic CT. Top left and right: cross sections of ascending aorta 
and thoracic aorta. Bottom left: cross section of aortic arch. Bottom right: cross sections of brachiocephalic artery, 
left common carotid artery, left subclavian artery. 

When all slices are set, the full model can be previewed by selecting the option Show 3D, that 

generates a label map volume from the pixels selected in each slice. The final segmented model covers 

the thoracic aorta from the ascending portion (above the aortic root) to the descending portion, including 

the beginning of the three aortic arch branches. The portion of the artery included in the geometrical 

model was determined by the quality of the images. Using this visual model, we can keep painting and 

erasing to make the model macroscopically less edgy. To improve the surface of the model, the 

Smoothing tool from the Segment Editor Module was used. The default is Gaussian method, a popular 

linear technique where all the frequencies are attenuated, except for the zero frequency, introducing a 

certain blur in the image, removing detail and noise thus smoothing the surface. In this method, the new 

position of each vertex is computed as a weighted average, with the shape of a Gaussian function, of 

the current positions of the vertex itself and its direct neighbours (the ones that share an edge or face 

with the current vertex). 
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In 3D Slicer, the only parameter we control is the standard deviation of the method, which 

determines the extent of the smoothing. After several attempts, the value used was 1.000 mm, granting 

an adequate level of smoothing of the surface and no shrinkage of the model, as shown in Figure 5.  

 

  

Figure 5: 3D visualization of the segmentation in 3D Slicer. Left: segmentation prior to smoothing. Right: resultant 

segmentation after one application of Gaussian smoothing method with standard deviation of 1.000 mm. 

 

The information is saved as a label map, so we must take caution and convert and export it as 

a Model. In this case the file was saved in .STL format, in order to analyze it in the next software, 

MeshLab, to perform further adjustments with regards to surface smoothing. 

3.2. Data post-processing  

 

MeshLab is an open-source software specialized in processing and editing 3D triangular 

meshes, however, in our case, the main interest lies in its smoothing filters. Once the system is 

initialized, we have to import a mesh, which is the .STL file exported previously from 3D Slicer, and 

accept the option Unify duplicated vertices to eliminate duplicated data. Immediately, on the tab Filters, 

we find Smoothing, Fairing and Deformation option and apply the Taubin smoothing method. This 

method consists in two consecutive Gaussian smoothing steps with the particularity of preventing 

shrinkage. In the first Gaussian smoothing step, a positive scale factor, λ, is applied to all vertices of the 

geometry. In the second Gaussian smoothing step, a negative scale factor, μ, greater in magnitude (0 

< λ < -μ), is applied to all vertices of the geometry. Like the original Gaussian method, this is a local 

method and, to produce a significant smoothing effect, these two steps must be repeated, alternating 

the positive and negative scale factors.[49] After a few tests and comparisons, the applied parameters 

λ, μ and smoothing steps (number of iterations) were, respectively, 0.70, -0.71 and 100. It was inferred 

that smaller values of λ would not have a significative smoothing effect in the surface and that μ could 

not be much higher that λ otherwise the surface became too edgy. Figure 6 shows the model before 

and after application of the Taubin method. 
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Figure 6: Model of the aorta in MeshLab, before (left) and after (right) application of Taubin smoothing method 
 

 

The resulting model is then exported as an .STL file. Since the surface is closed at inlets and 

outlets with a blobby appearance, it needs to be clipped. For that purpose, we use a different system, 

the Vascular Modelling Toolkit, vmtk, which is a collection of libraries and tools specifically suited for 

data processing of 3D models of blood vessels. Among other features, vmtk allows geometric analysis 

of a vascular segment, including a tool that facilitates the clipping of the blobby end caps. For that 

purpose, in the terminal of the computer, the following command was written: 

 

vmtk vmtksurfaceclipper -ifile [name of the input file].stl -ofile [name of the outputfile].stl 

 

The graphical interface of the system appeared, and the clipping process was initiated by 

pressing “i”. To clip, the top sphere needs to be positioned in the surface we want to open, as shown in 

Figure 7. The face of cube correspondent to that sphere should be perpendicular to the portion to be 

clipped. Moving the cube upwards or downwards determines the height of the vessel that is going to be 

clipped. This process was repeated for each end cap. 

Posteriorly, wmtk was used for vessel wall creation from the lumen surface. So far, the structure 

segmented corresponded to the lumen of the aorta, since the contrast agent used in the thoracic CT 

circulated in it, not on in the walls of the vessel. However, to approximate the model to the reality, a wall 

must be generated. To accomplish that, LifeVFSI, another library with the built-in capability of generating 

structured meshes, was used. Again, in the terminal of the computer, and in the directory of the .py 

and .STL files, the following command was written: 

 

chmod u+x LifeVFSIMEshGenerationOpt.py  

 



 
 

- 22 - 

which allows the tool to be run in the computer. To generate the model of the fluid and its wall, the 

command was: 

 

./LifeVFSIMeshGenerationOpt.py -ifile [name of file].stl -fluidname [name of the fluid].mesh 

-solidname [name of the solid].mesh 

 

Once again, a graphic interface from vmtk was revealed, showing the inlets and outlets 

numbered. Following the instructions displayed on the window, “q” to render, the inlet (1), and outlet (0, 

2, 3, 4) profiles were listed, as it appears in Figure 7.  

  

Figure 7: vmtk - the Vascular Modeling Toolkit window. Left: surface clipper tool. Right: list of inlet and outlets used 

as reference to compute centerlines, prior to vessel wall creation. 
 

With this information, the system computes centerlines. Centerlines can be visually described 

as lines that connect the extremal points of the vessel, and they are located in the center of the geometry. 

The center of the geometry is considered the center of the maximal inscribed sphere along the vessel. 

This information is used to create the vessel wall, whose thickness varies with the radius size of the 

vessel, according to expression (6). 

                                                                (6) 

Where h is the thickness of the wall, r is the radius and 𝛼 and 𝛽 are fitting parameters. In a healthy case, 

these parameters can be approximated by literature data, and they are, respectively, 0.1538 and 

0.88277.[50]  

In the visualization window there is a preview of the resulting mesh of the wall and it is only 

created after the result is accepted. At this stage, we are not interested in mesh quality, but in the 

geometric generation of the aortic wall. The final model, which will be the domain of the numerical 

analysis, needs to be in .IGES file format, therefore, the following steps aimed that conversion.  

Firstly, the Gmsh software was used, which is a three-dimensional finite element mesh 

generator, to convert the .mesh file of the vessel wall into a .STL file. Due to the file’s passage through 

these mesh generator softwares, the resulting file had a considerably refined mesh, which means there 
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were a lot of elements that made the file heavy. For that reason, and again, since at this stage mesh 

quality was not the concern, MeshLab was used to remesh the present geometry and create a lighter 

file. In this software, in the tab Filters, the feature Remeshing, Simplification and Reconstruction was 

used and the effect Quadratic Edge Collapse Decimation was chosen. As its designation reveals, this 

tool simplifies the mesh using a quadratic based edge collapse strategy, and the percentage of elements 

to be reduced is arbitrary. In this case, the original mesh contemplated 42358 vertices and 84728 faces. 

After a 50% element reduction, 21176 vertices and 42364 faces, and this model was saved as a .STL 

file. 

The final step to conclude the file conversion, used the SolidWorks. This is a 3D CAD 

(Computer-Aided Design) software, mostly used for the design of 3D objects, however, in this case, it 

solely used to import the .STL file and export it as .IGES file. The geometry was finally ready to be 

imported into COMSOL Multiphysics [37]. 

COMSOL Multiphysics is a software that models and simulates problems from several scientific 

and engineering areas. The domain and physics inherent to the problem are described using PDEs 

defined in a computational domain and solved using the Finite Element Method. The software organizes 

the modelling procedure in a tree-structure model; the main components of the problem such as 

Geometry, Physics, Mesh, Solver and Results are the main branches, which further have inherited 

functionalities and operations organized in nodes and subnodes. Each node has its own properties and 

Settings window, where all the features are adjusted. 

The first step in COMSOL Multiphysics to build the model of the segmented aorta and analyze 

the behaviour of blood flowing through it, was to create the geometry, in the Geometry branch. It is not 

possible to import the two files of the aortic wall and lumen and assemble them, so solely the aortic wall 

geometry (the .IGES file) was imported, shown in Figure 8-A. 

The lineup to create a representation of the fluid to be analyzed, enclosed by the existing wall, 

included closing the extremities of the geometry and then converting the interior hollow volume into a 

solid geometry. For that purpose, the extremities (inlet and outlets) of the geometry required alignment 

with the x-y plane, carried out through the creation of three x-y plane parallel workplanes, which were 

extruded to cylinders, as shown in Figure 8-B. This extrusion created new solids aligned with the x-y 

plane. Then, the intersection of the wall with each of these solids was eliminated, guarantying the 

resulting geometry was parallel to the x-y plane. This operation was done with the tool Compose from 

Booleans and Partitions option, and the expression used was imp1-(imp1*ext1+imp1*ext2+imp1*ext3), 

being imp1 the label of the imported geometry, ext1, ext2 and ext3 the three extrusions. 

The following step aimed the conversion of the hollow interior volume into a solid domain. Using 

the Create solid tool, a cylinder, with dimensions that enabled the inclusion of the entire geometry, was 

created, shown in Figure 8-C. With the workplanes previously created and this big solid, the tool Convert 

to solid was used to unite and convert the geometry objects into a single solid. Since the space between 

the wall was occupied with the solid cylinder, it was converted into solid. To finish the operation, the 

Delete entities tool was used to neglect the solid cylinder exterior to the wall.  

The translation of the CAD geometry between softwares caused a change in its dimension, 

which could be verified with the measurement of the area of the cross section of the inlet. Assuming the 
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inlet is almost circular, the diameter can be computed from the area and compared with the diameter 

measured in the echocardiogram. The comparison revealed the current geometry was 10 times greater 

than the real aorta, and for that reason the geometry was re-scaled by 0.1. 

 

  

  

Figure 8: Graphic window of COMSOL Multiphysics. Scale in meters. A: Imported geometry of the aortic wall. B: 

Imported geometry of the aortic wall and the three work planes parallel to the x-y plane extruded as cylinders. C: 

Cylinder covering the geometry, to perform Convert to solid operation. D: Geometry after Form Composite Faces 

operation. 

 

The final step is preparing the geometry for meshing. The resulting geometry has more features 

than needed, i.e. thousands of faces and vertices, which also make the model heavy and interfere with 

its manipulation. To overcome this situation, the software has a set of attributes called Virtual Operations 

that enable the simplification of the model. The tool used was Form Composite Faces and it basically 

ignored the boundaries of the selected faces, composing one major face that represented the entire 

surface of the geometry, as can be seen in Figure 8-D.  

A 

D C 

B 
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Following a complete description of the geometry of the system, the next step was the 

understanding of the physics inherent to the problem and the assignment of the material properties and 

other constraints. 

3.3.  Mathematical Model 

 

The three-dimensional computational domain represents a patient-specific thoracic aorta, 

depicted in Figure 9. The computational domain consists of the lumen of the vessel, Ω, and its 

boundaries: the wall, Γw, the inlet, Γin, the outlet at the descending aorta, ΓDA, the outlet at the 

brachiocephalic artery, ΓBA, the outlet at the left common carotid, ΓLCA, and the outlet at the left subclavian 

artery, ΓLSA. The section after the aortic arch, STA, is a cross section that will be used for validation 

purposes. 

 

Figure 9: Computational domain of the thoracic aorta consisting of the lumen of the vessel, Ω, and its boundaries: 
the wall, Γw, the inlet, Γin, the outlet at the descending aorta, ΓDA, the outlet at the brachiocephalic artery, ΓBA, the 
outlet at the left common carotid, ΓLCA and the outlet at the left subclavian artery, ΓLSA. STA, is a cross section used 
for validation purposes. 

The blood is treated as an incompressible fluid, with constant density of 1060 kg/m3 

[14,26,30,42,70] and it is assumed to be isothermal, flowing at the constant normal temperature of the 

body, 37°C. Its viscosity is assumed to be 0.004 Pa·s [4,15,30,42], a constant value, following the 

Newtonian model, as described in chapter 2. 

Regarding these assumptions, the equations used to describe the blood flow are (1) and (2). As 

for the boundaries, the wall was considered rigid, and treated as a surface, with a no-slip condition, 

given by (7): 

u = 0                                                                        (7) 

Γw 
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ΓDA 

Γin 

ΓBA ΓLSA ΓLCA 
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 which means the velocity of the elements of the wall is set to zero. It also implies that the velocity of the 

fluid will tend to zero at the lumen-wall interface.  

At the inlet, a patient specific boundary condition was imposed. The choice of the type of patient-

specific inlet condition (pressure or flow rate) was based on several preliminary tests, described in 

Appendix A. The necessary patient specific data was obtained from a Doppler study performed during 

the echocardiography, in the same patient who performed the thoracic CT (from which the anatomic 

images were obtained in the first place). An echocardiography produces images of the heart and its 

surrounding tissues and vessels via the backscattering of ultrasound (US) waves from the boundaries 

between tissues.[53] Besides obtaining anatomical information, this examination is also used to 

measure blood flow in the vessels via Doppler techniques. This important application of 

echocardiography is named after the principle that sustains it. The Doppler principle states that the 

original frequency of sound emitted from a source is altered when the source of the sound is moving. 

The resulting difference in frequency is called the Doppler shift. In the case of echocardiography, a 

transducer emits US waves at a given frequency, which are reflected by the RBC moving with the 

bloodstream. According to Doppler’s principle, the scattered US waves return to the transducer with a 

different frequency, the Doppler shift, which can be correlated with the velocity of the bloodstream. 

Hence, the measured Doppler shift is used to estimate blood velocity. The Pulsed Doppler is a technique 

that allows the measurement of blood flow at a specific region of interest, providing real-time 

measurements of the mean velocity at that location. 

Through the Pulsed Doppler method, the velocity of blood was measured at the middle level of 

the ascending, thoracic and descending portions of the aorta, during more than one cardiac cycle. In 

the echocardiogram, it is also possible to correspond the values of the velocity to their instant of the 

cardiac cycle, because an electrocardiogram (ECG) was simultaneously recorded, as it is shown in 

Figure 10.  
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Figure 10: Screen of echocardiogram system where the velocities in the ascending aorta resulting from Pulsed 

Doppler technique are indicated. At the center, on the top, there is the anatomic reference and a mark on the region 

of interest (ascending portion of the aorta). The yellow curves in the middle of the screen are the velocity measures 

in the region of interest. Several points were marked on one of the curves in order to obtain their value, which are 

represented on the table on the left. At the bottom of the image there is the ECG acquired, used as time reference 

for the velocity profile. 

 

Using the computed velocity values marked in the velocity profile, the ECG representing the 

cardiac cycle and the program WebPlotDigitizer, it was possible to interpolate the full velocity profile. 

This open-source software allows the extraction of data from a plot saved as an image file. The 

images have to be loaded and the user chooses the type of image it represents (in this case, a 2D (x-y) 

plot). Then, two points from each axis should be given for calibration and then manual selection of the 

data points takes place. When the acquisition of data points is complete, we can visualize the list of 

points, sort them by X (which in this case corresponds to time) and copy them to a .txt file. The resulting 

function used to set the boundary conditions is shown in Figure 11. 
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Figure 11 Digitized velocity profile from the data obtained by Doppler study. 

 

From this velocity profile, vi, and knowing the area of the cross section were the velocity was 

measured, Ainlet, using expression (5) we could obtain the flow rate at the inlet, Qi, given by (8). 

                                                                       (8) 

At the main outlet, in the descending aorta, the boundary condition imposed was traction-free. 

Mathematically, this is a pressure condition that specifies the normal stresses at the boundary, which 

are approximately equal to the pressure, are zero. The tangential stress component is also set to 0 Pa 

therefore, the expression used to apply this BC was: 

                                                    (9) 

where P0 is zero. 

The boundary conditions applied to the secondary outlets were different for the three cases 

studied. In the first test case studied, the boundary conditions for the secondary outlets (BA, LCA and 

LSA) were set as traction-free. Therefore, at each of these boundaries the condition imposed was (9). 

In the second test case studied, Murray’s Law based flow ratio was imposed to each secondary 

outlet. Murray’s law states that the flow in a vessel is proportional to the diameter of the vessel lumen 

cubed: 

                                                                (10) 

This relationship can be understood by considering Poiseuille's solution which relates the 

vessel flow rate Q, the vessel diameter D, the wall shear stress 𝜏 and the fluid’s viscosity 𝜇. 

                                                          (11) 
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Expression (11) represents the manifestation of adaptive mechanisms whereby blood vessels 

sense the level of shear stress on the lumen surface and remodel, adjusting their diameter to maintain 

the right amount of blood flow.[52] Therefore, the flow percentage assigned to an outlet boundary can 

be determined with respect to the inlet flow rate through the relation: 

                                                            (12) 

where Qo is the flow through BA, LCA or LSA, Qi is the flow through AA, Do is the diameter of BA, LCA 

or LSA and Di is the diameter of AA. Accordingly, to each outlet was assigned an outflow depending on 

the inflow, as follows: 

                                                      (13) 

                                                     (14) 

                                                    (15) 

 

The diameters were computed from the area of the cross section of each portion of the aorta, 

assuming it was circular. 

The third test case consisted in assigning flow percentages based on the literature to the 

secondary outlets of the aorta. According to the references, the percentage of the flow rate for each 

secondary branch is of 5%.[32,41] Therefore, to each outlet BA, LCA and LSA the flow rate described 

by (16) was imposed. 

                                                        (16) 

where Qo is the flow through BA, LCA or LSA and 𝑄𝑖 is the flow through the AA. 

The three cases studied in the present work are summarized in Table 1. 

 

 

 

 

 

 

 

 

 

 

 



 
 

- 30 - 

Table 1: Summary of the cases studied in the present work 

Test Inlet BC Outlet DA BC Outlet BA BC Outlet LCA BC Outlet LSA BC 

A Flow rate 

 

Traction-free Traction-free Traction-free Traction-free 

B Flow rate 

 

Traction-free Flow rate

 

Flow rate

 

Flow rate

 

C Flow rate 

 

Traction-free Flow rate

 

Flow rate

 

Flow rate

 

 

3.4. Computational Implementation 

 

In this section, the implementation of the governing equations is addressed. Firstly, the time and 

space discretizations used to approximate of the Navier-Stokes equations are explained. Finally, the 

solving method implemented by the COMSOL Multiphysics is described. 

3.4.1. Numerical discretization 

 

The period simulated in this work, for each test case, covered the duration of two cardiac cycles 

(1.2 s) and it was discretized through a finite difference method. If we think of this period as a finite time 

interval I = [0, T], its discretization consists of subdividing it into N smaller subintervals (time steps) Ik = 

(tk, tk+1) with k = (0, …, N) and tk+1- tk = ∆t is constant. Once the time interval is discretized, the solution 

at t = tk+1 is computed using the solution(s) computed at previous time step(s).[66] In this work, the time-

advancing was conducted using a backward differentiation formula (BDF) with variable order, allowed 

to change between 1 and 2. When using BDF, the order of the method is an indication of how many 

already computed time steps are used to compute the solution at the present time step. 

To illustrate the BDF method, consider (uk, pk) the approximate solution at t = tk. To approximate 

the solution at t = tk+1 from the solution at t = tk, the Taylor expansion formula is used: 

                                       (17) 

where O(∆t2) represents the remaining terms of the expansion that tend to zero when ∆t tends to zero 

and: 

                                        (18) 

 

Therefore, the first order approximation of the derivative of u at t = tk+1 is: 
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                                                          (19) 

Similarly, the second order approximation of the derivative of u at t = tk+1 is: 

                                               (20) 

Applying the approximations (19) and (20) to the Navier-Stokes equations (equations (1) and 

(2)), we get the first and second order BDF approximation for the solution at t = tk+1: 

                           (21) 

                  (22) 

Treating the time steps in the natural order, as soon as the solution at t = tk+1 has been found, it 

is used as the solution at t = tk for the following time step until tk+1=T. Notice that, due to the presence of 

the convective term, at each time step a non-linear equation (resultant from the implicit treatment 

associated with BDF) remains to be solved. 

For each time step, the solution is computed for the entire domain, which was discretized using 

the finite element method (FEM). 

The Navier-Stokes equations form a system of PDEs that are too complex to be solved 

analytically in a domain like the one here considered. They are rewritten in the weak formulation and 

then the solution to this weak form is approximated by the FEM. 

The purpose of the weak formulation of the original equations is to satisfy the equation on the 

“average sense”, once the original equations are multiplied by a test function and integrated over the 

domain, so that solutions that are discontinuous or poorly behaved can be approximated. This test 

function (also known as weight function) can be any function sufficiently well behaved for the integrals 

to exist. Further formulations are applied, until the class of the test functions is restricted and, at the 

same time, the class of solution functions is expanded, belonging to the same subspace of functions. 

This property implies that both the solution and test functions are represented by a combination of the 

same known basis functions. This technique of building the discrete problem by projection on a 

subspace and searching the solution in the same subspace takes the name of Galerkin method. The 

FEM is a general and systematic technique for constructing the basis functions of Galerkin 

approximations.[64] In FEM, the basis functions are defined piecewise functions over regions of the 

domain. These subdomains are the finite elements, hence each basis function has compact support 

over an element. Within each element, nodes (or nodal points) are defined and restrain the element. 

The collection of elements and nodes that make up the domain is the finite element mesh.  

In every element of the mesh, the basis functions will be polynomials of low degree (though 

other possibilities exist) and are chosen so that the coefficients that define the solution (of the Navier-
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Stokes equation) in terms of a combination of the basis function are the values of the discretized solution 

at the nodes. Each function contributes to the value of the total solution with exactly one node. When 

the elements are summed up, the real solution is approximated by piecewise linear functions between 

each of the nodes and is exactly represented at each node. If the resulting discretization provides a 

convergent scheme, the more nodes used, the better is the approximation and, in the limit of an infinite 

number of nodes, the exact solution would be exactly represented. In FEM it never proceeds all the way 

to the limit, so the element size will always have a finite size.  

To illustrate the FEM, we consider the incompressible Navier-Stokes equations with Dirichlet 

homogeneous conditions. For the system (21), the solution for t=tk+1, using the order 1 BDF method, 

can also be written as: 

                              (23) 

where 

                                                                      (24) 

Considering:  

 

and replacing them in system (23), it becomes: 

                                                (25) 

And the goal now is to find w1(x,y,z), w2(x,y,z), w3(x,y,z) and 𝜋(x,y,z) given r = (r1(x,y,z), r2(x,y,z), 

r3(x,y,z)), such that: 

(26) 

 

The last three equations of system (26) refer to the Dirichlet homogenous conditions that are 

applied to all boundaries for simplification of this example. This system is too complex to be solved 

analytically, therefore the FEM will approximate the weak form of the original system of equations. For 
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(27) 

 

(28) 

 

 

(29) 

 

(30) 

that, we formulate the PDEs as a variational boundary value problem by multiplying each equation by a 

test function v and integrating over the domain Ω. Using Green’s theorem, the problem is re-stated so 

that we are looking for w in H0
1(Ω) and 𝜋 in L0

2 (Ω) such that: 

 

Any function w is a member of H0
1(Ω) if w ∈ L 

2(Ω) ⋀ ∇w ∈ L 
2(Ω) ⋀ w(𝜕Ω) = 0. A function q belongs 

to L0
2 (Ω) if ∫  

 

Ω
q2 < ∞ and if 

∫ q 
 

Ω  

|Ω|
= 0. 

Consider the functions w and v belong to a linear subspace of H0
1, Xh, with finite dimension N 

such that when N→ ∞, Xh approximates H0
1. Additionally, consider that the functions 𝜋 and q belong to 

a linear subspace of L0
2 , Qh, with finite dimension M, such that when M→ ∞ Qh approximates L0

2 . We also 

set φi, 1 ≤ i ≤  N, as the basis functions of the space Xh and ψi, 1 ≤ i ≤ M, as the basis functions of the 

space Qh.  

The Galerkin’s method consists in finding an approximate solution to equations (27)-(30) in a 

finite-dimensional subspace Xh. Using this notation, we can re-write w1, w2, w3 and 𝜋 as: 

 

 In this variational problem, we consider the test functions belong to Xh, hence equations (27)-

(30) can be re-written in terms of the basis functions. For example, equation (27) stays: 

(31) 

Since the basis functions are known, w and 𝜋 will be completely determined once the 

coefficients 𝛼 and 𝛾 have been found. Re-writing (28) with the coefficients in evidence: 
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   (32) 

We conclude that, if w and 𝜋 are written as a linear combination of the basis functions, the 

following vectoral notation can be introduced: 

 

We define matrix A0 with coefficients: 

 

And matrix Bx with coefficients: 

 

And, analogously, matrices By and Bz. Equation (30) can also be written as: 

                (33) 

That can be written in matrix notation if we consider matrices BT
x BT

y and BT
z with the respective 

coefficients: 

 

From here, we conclude equation (33) can be written as: 

                                                (34) 
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Therefore, so far, in the matrix notation we get: 

 

Regarding the non-linear term of equation (32) it is a vector where each of the entries is a non-linear 

term, that we designate as N(U). Nj
1(U) can be defined as: 

 

Analogously, N2(U) and N3(U) can be obtained. Therefore, the final system of equations can be written 

as: 

AU + N(U) = F                                                                  (35) 

In this work, the approximation spaces Xh and Qh were replaced by the so-called P1+P1 

stabilized finite elements, where the Least Square Galerkin Stabilization method [68] was used. The 

adopted finite element mesh to discretize the domain consisted of tetrahedral elements with the 

characteristic size of 9E-4 m, corresponding to a discrete system (35) with 775733 degrees of freedom. 

The characteristic element size of the mesh was built in the software COMSOL Multiphysics and chosen 

after a careful mesh refinement analysis, defined in section 3.5.  

 

3.4.2. Numerical Implementation 

 

The method was implemented and solved using the software COMSOL Multiphysics. To 

introduce the settings for the computational analysis of hemodynamics of the aorta already modeled, 

we chose Add Physics from the menu and, from the list of Physics interfaces provided, the Fluid flow > 

Laminar flow was added. In the model tree, the Physics interface forms its own branch, based on the 

model definition requirements, creating a template that automatically supplies the appropriate underlying 

PDEs. In this branch, the governing equations of blood flow and boundary constraints will be connected 

to the domain. The domain is composed by the vessel inlet (the boundary in the ascending aorta, the 

surface highlighted in blue in Figure 12-A), the vessel wall (the surface highlighted in Figure 12-B), the 

main outlet, a section in the descending aorta (the surface highlighted in Figure 12-C) and three 

secondary outlets, surfaces of the sectioned brachiocephalic artery (the surface highlighted in Figure 

12-D), left common carotid artery (the surface highlighted in Figure 12-E) and left subclavian artery (the 

surface highlighted in Figure 12-F).  

 



 
 

- 36 - 

   

   

Figure 12: Computational domain representing the geometry of the thoracic aorta used for CFD analysis. A) Inlet 

boundary highlighted in blue. B) wall boundary highlighted in blue. C) Main outlet (DA) boundary highlighted in blue. 

D) Secondary outlet boundary (BA) highlighted in blue. E) Secondary outlet boundary (LCA) highlighted in blue. F) 

Secondary outlet boundary (LSA) highlighted in blue. 

 

A set of parameters and functions that are needed to describe the hemodynamics problem were 

created before assigning them to the Physics branch. For that purpose, under the branch Global 

Definitions the node Parameters was generated, where the following quantities were defined: 

● density of blood: 𝜌 =1060 kg/m³ 

● dynamic viscosity of blood: 𝜇 =0.004 Pa⋅s 

● area of the cross section of inlet (measured in the geometry): A_inlet 

● area of the cross section of the outlet of brachiocephalic artery (measured in the geometry): 

A_BA 

● area of the cross section of the outlet of left common carotid artery (measured in the geometry): 

A_LCA 

● area of the cross section of the outlet of left subclavian artery (measured in the geometry): 

A_LSA 

● area of the cross section of the outlet of descending aorta (measured in the geometry): A_DA 

A 

F E D 

C B 
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● diameter of the cross section of the inlet (computed assuming the correspondent measured 

area is circular): D_inlet 

● diameter of the cross section of the outlet of brachiocephalic artery (computed assuming the 

correspondent measured area is circular): D_BA 

● diameter of the cross section of the outlet of left common carotid artery (computed assuming 

the correspondent measured area is circular): D_LCA 

● diameter of the cross section of the outlet of left subclavian artery (computed assuming the 

correspondent measured area is circular): D_LSA 

● diameter of the cross section of the outlet of descending aorta (computed assuming the 

correspondent measured area is circular): D_DA 

 

In the settings window of Laminar flow, we started with the selection of the domain for the 

physics (the geometry of Figure 12). In the Equations section of this window, the Equation form was set 

as Time dependent. In the Physical Model section, the fields to be specified were Compressibility and 

Turbulence model type. As it was stated previously in this chapter, we are studying blood as an 

incompressible non-turbulent flow, thus the options selected to these fields were Incompressible flow 

and None, respectively. 

In the Discretization section of the Laminar flow settings, the discretization of the fluid was set 

to P1+P1, that is the polynomials chosen to interpolate the velocity and pressure over the elements are 

of first order, as mentioned before. The choice fell on the fact that linear elements are computationally 

cheaper (the element order directly affects the number of degrees of freedom in the solution [51]). 

However, the Navier-Stokes equations are unstable when using P1+P1 discretization therefore, 

undershoots and overshoots can occur in the numerical solution at sharp gradients. These oscillations 

can be addressed by Consistent Stabilization methods. 

In the Consistent Stabilization section, both Streamline diffusion and Crosswind diffusion were 

selected. Consistent stabilization is an approach often used to prevent numerical instabilities, namely 

oscillations in the solution, which are frequent when solving transport applications which are not driven 

by diffusion, such as this case. These stabilization techniques add terms to the transport equation that 

introduce numerical diffusion that stabilizes the solution. Streamline diffusion introduces artificial 

diffusion in the streamline direction which could be enough to obtain a smooth numerical solution if the 

exact solution to the problem did not contain any discontinuities. Crosswind diffusion, in turn, addresses 

these oscillations by adding diffusion orthogonal to the streamline direction. In Consistent Stabilization, 

the closer the numerical solution comes to the exact solution, the less numerical diffusion this method 

gives, which means no artificial diffusion is added in regions where the mesh is fine enough. Therefore, 

the consistent stabilization methods guarantee that the problem is well resolved in space.  

The three built-in nodes under the Physics branch are: Fluid properties, Wall and Initial Values. 

In Fluid Properties settings we start by selecting the domain of the fluid, which is the same as the domain 

chosen for the Physics: the lumen of the geometry of the aorta. Then, we set the fluid properties as User 

defined and to Density and Dynamic viscosity input fields, we assign the quantities defined previously 

in Global Definitions > Parameters.  
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Secondly, it the node Wall, we start by selecting the boundary that we want to treat as wall, 

represented in Figure 12-B. To this boundary, the Boundary Condition chosen is No slip, which means 

the velocity of the elements of the wall is set to zero. It also means, that the velocity of the fluid will tend 

to zero at the lumen-wall interface. Additionally, this wall is treated as a surface, therefore, it is a 

simplified model, where the vessel is considered rigid. 

The third node, Initial Values, added by default is a set of initial values that will be used as an 

initial guess for the solver. The default initial values are zero, which means the initial value for the velocity 

field is u = [0,0,0] m/s and for the pressure p = 0 Pa. 

To complete the physical description of the model, five additional nodes are added to the 

Laminar flow branch, corresponding to the inlet (in the ascending portion of the aorta), the main outlet 

(in the descending portion of the aorta) and the three secondary outlets: brachiocephalic artery, left 

common carotid and left subclavian artery, as shown in Figure 12.  

In the Inlet node, the boundary identified in Figure 12-A was selected as the boundary to apply. 

In the node settings, the Boundary condition was set as Laminar inflow described as Flow rate and 

expression (8) was introduced. To impose this flow rate as a fully developed profile, COMSOL 

Multiphysics considers a virtual domain that is an extrusion of the inlet. The boundary condition applied, 

given by (36), uses the assumption that the flow in this virtual domain is a fully developed laminar flow. 

[69] The wall of this domain with length Lentr inherits the conditions from the wall of the real domain. The 

length of this virtual extension is determined experimentally, in order to have a fully-developed flow by 

the time it reaches the real inlet, Γin. The software also adds an ODE to calculate the pressure applied 

at the entrance of this virtual extension, pentr, such that desired inlet flow rate is obtained. 

                                          (36) 

In the node created for the main outlet, in the descending aorta, the boundary condition selected 

was Pressure and P0 set as 0 Pa, also known as traction-free boundary condition. The expressions 

associated with it were: 

                                                       (37) 

where P≤P0 reflects the Suppress backflow option from COMSOL. This option means that the software 

is free to adjust the outlet pressure P locally, in order to prevent fluid from exiting the domain through 

the boundary. Effectively, it means that the prescribed pressure P is P0 if u⋅n ≥ 0, but it becomes smaller 

at locations where u⋅n < 0. Sometimes it becomes smaller, and the backflow is substantially reduced, 

but not enough to prevent fluid from entering the domain through the boundary. 

The boundary conditions applied to the secondary outlets were different for the three cases 

studied. In the test case A, the boundary conditions for the secondary outlets (BA, LCA and LSA) were 

set as traction-free. Therefore, each of these boundaries were defined by (37), the same as those of the 

outlet at the descending aorta. 

In the test case B, flow ratio based on the Murray’s Law was imposed to each secondary outlet. 

Therefore, (13)-(15) were prescribed to their corresponding outlet. In the settings of the node of each 



 
 

- 39 - 

outlet, the Boundary condition was set as Laminar outflow described as Flow rate and the respective 

expression introduced. Analogously to the laminar inflow condition, here COMSOL Multiphysics also 

considers an extrusion of the outlet with length Lexit as a virtual domain attached to it. The pressure pexit 

is applied at the exit of the virtual extension and computed by an ODE that is added by the software to 

ensure the imposed outlet flow rate is obtained. The expression imposed was: 

                                             (38) 

The same options were selected to the test case C, where a flow fraction of the inflow was 

imposed, and (16) was introduced at each secondary outlet settings. 

The following steps had to do with the solving methods of the governing equations in the domain, 

considering the boundary conditions of each test case, which is done under the branch Study. It is set 

as Time-Dependent and, in the settings window, the parameter Times was set to range(0,0.01,0.1) 

range(0.11,0.005,0.3) range(0.305,0.01,0.4) range(0.41,0.02,0.91) range(0.92,0.005,1.2). Each 

range(‘start’, ‘step’, ‘stop’) represents a time interval where the ‘start’ value is the first time step, ‘step’ is 

the step size and ‘stop’ value is the last time step of that interval. This means the problem would be 

solved for 1.2 seconds (the period of que acquired velocity measurements) with different time steps 

along the period. These time steps were smaller near the systolic peaks, which means the number of 

times data is written out is greater there, so we have a higher resolution of the solution in those periods. 

The time discretization was done using a backward differentiation formula (BDF) with variable 

order, allowed to change between 1 and 2, and variable step-size constrained to a maximum of 0.001. 

This means that the software would automatically adjust the timestep size in order to maintain the 

desired Relative Tolerance. Lowering this parameter to a smaller number would increase the accuracy 

of the solution, as well as the solving time, due to the smaller timesteps taken. The adaptive timestepping 

scheme selected was the default one, Physics Controlled. In this method, when it starts, the solver 

estimates an initial timestep size upon the total simulation time. During the resolution, if there are any 

fast variations in the solution, the solver will automatically take smaller timesteps, as needed. 

Analogously, it will take larger timesteps when the solution is only varying gradually. We can only control 

the maximum timestep taken by the solver by entering the settings in the Time-Dependent Solver node, 

in the Time Stepping section, where the maximum possible timestep size taken by the method 

(Maximum step) was specified as 1E-3. The parameter Steps taken by solver was specified as 

Intermediate, which means the solver takes at least one additional timestep within each interval between 

the requested output times, but the solver is still free to choose when this intermediate step occurs. The 

exact version of the BDF order corresponds to what was described in [67]. 

For each time step the FEM is used to discretize the space and solved with a Fully Coupled 

approach, which means equations (1) and (2) are solved at the same time. The resulting system is non-

linear and solved with the Newton Method. At each iteration, the linearized system was solved using the 

PARDISO direct method solver. 

This is implemented in Time-Dependent Solver node, where the Fully Coupled was selected. 

The Fully Coupled approach forms a single large system of equations that is solved for all of the 

unknowns (the velocity and pressure fields). This approach is called repeatedly, and gradually 

converges to the solution of the nonlinear problem, that is, the solution is approached by iteration. In the 
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Method and Termination section of the Fully Coupled approach, the default option of COMSOL 

Multiphysics for the non-linear method, Constant (Newton), was selected. Thus, the time dependent 

solver is computing the solution to the nonlinear system of equations at each timestep via a set of 

iterative techniques based on Newton’s method. These techniques evaluate a function, as well as its 

derivative, the Jacobian, at every timestep. The Jacobian is relatively expensive to compute, therefore 

the Jacobian update was set to Once per time step. 

Within each iteration, the linearized system of equations is solved by a class of algorithms called 

Direct solvers. This is set in the General section of Fully Coupled settings, and as soon as the option 

Direct is chosen, its settings are also editable. Here, the Direct solver PARDISO was chosen. 

The solution for each test case was computed, with the presented definitions and the results 

presented in the next chapter. The accuracy of the computed solutions is directly related to the finite 

element mesh that is used. As mentioned, the defined finite element mesh is used to subdivide the 

domain, where the equations are applied, into smaller subdomains called elements, over which those 

equations will be solved. The smaller these elements are made, as the mesh is refined, the computed 

solution will give a better approach of the true solution. The process of mesh refinement is a key step in 

validating any finite element model and gaining confidence in the software, the model, and the results, 

and it is described in the next section. 

3.5. Mesh selection 

 

For the CFD problem, COMSOL Multiphysics solves a set of partial differential equations via 

the finite element methods, as explained in chapter 1, which takes the geometry and creates a mesh, 

by subdividing the domain into elements, which are defined by a set of nodes. Once all the previous 

information is assembled in the model, we can begin with a preliminary mesh. Because we are solving 

a fluid flow problem, at each node there will be four unknowns, u, v, w, the velocity of each node in the 

three-dimensional space, and p, the pressure. Hence, the number of degrees of freedom will be dictated 

by the number of nodes of the mesh.[54] The number of nodes of the mesh, in turn, depends on its 

degree of refinement. The accuracy of the solution also depends on the mesh refinement. As mesh size 

decreases to an infinite size, the simulation also moves towards the exact solution of the equations that 

are being solved. However, since the cost of the solution increases with the number of degrees of 

freedom, we are limited by finite computational resources and time. Hence, mesh refinement cannot be 

done indiscriminately, therefore we use convergence analysis methods to rely on an approximation of 

the real solution, as presented in this section.  

Mesh refinement is the process of computing the solution to the problem using progressively 

finer meshes, comparing the results between these different meshes. This comparison can be done by 

tracking a characteristic output parameter from the solution, while varying the mesh size. After 

comparing a minimum of three successive solutions, we can determine at which mesh size the 

parameter has converged to the correct value, according to the convergence criteria decided by us. As 

the mesh refines, we expect the changes in the solution between meshes to become smaller, and 

eventually, these changes will be small enough to consider the model has converged. 
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Early in the analysis process, it is acceptable to begin with a mesh that is as coarse as possible, 

which means it has very large elements, and a low, but reasonable, number of degrees of freedom 

(around half a million). This coarse mesh requires less computational resources to solve and, whilst not 

very accurate, its solution can be used as a rough verification of the applied parameters. A refined mesh 

will tend to more accurately approximate to the true solution to the problem being posed, however, in 

practice, there is a limit on how much mesh refinement can be done before exceeding the computational 

resources available. In the end, the selection of the mesh is a trade-off between accuracy and 

computational expense. 

The mesh refinement strategy used to gain confidence in the accuracy of the selected mesh 

was reducing the element size and comparing the absolute and relative errors of the L2- and H1-norm 

of the velocity in the different solutions. In the Mesh section of COMSOL Multiphysics, one can create 

manually the meshes to test or opt for the automatic meshing from the software, taking into account the 

physics of the problem. In this work, it was decided to perform the manual definition of the mesh, hence, 

five meshes were created in the Mesh branch for the process of refinement. In the general settings of 

each mesh, the Sequence Type chosen was User-controlled mesh. The meshing sequence consists of 

a set of mesh operations and mesh attributes, which was the same for all the five meshes, except for 

their element size.  

The first attribute to be added was the global attribute Size. Here, in the Calibrate for list, the 

physics node for which the element size was calibrated for was Fluid dynamics. Then, to change the 

value of the parameters in the Element size parameters section, the option Custom was chosen. In this 

section, the parameters Maximum element size and Minimum element size were set the same value, to 

represent the characteristic size of the mesh, different for each of the meshes, as shown in Table 2.  

 

Table 2: Resume of meshes: characteristic size, degrees of freedom and computation time 

Identification Characteristic size 

[m] 

Degrees of 

freedom 

Computation time 

[s] 

Mesh 1 2×10-3 126525 7647 

Mesh 2 1×10-3 585277 88061 

Mesh 3 9×10-4 775733 94380 

Mesh 4 8×10-4 1058909 177697 

Mesh 5 7×10-4 1509489 561225 

 

The remaining parameters, Maximum element growth rate, Curvature factor and Resolution of 

narrow regions were set as the default values 1.15, 0.6, 0.5, respectively.  

The second global attribute added was Free Tetrahedral, referring to the shape of the elements 

of the mesh. In the Domain selection section, the domain that corresponds to the fluid, the same where 

we applied the constraints of the Physics branch, was selected as the domain to create this unstructured 
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free tetrahedral mesh, with characteristic size defined in the previous attribute. The Scale geometry 

section is left as default, there is no need to re-scale the geometry in any direction. In Control entities 

section, Smooth across removed control entities check box is selected, to smooth the transition in 

element size across removed control entities. The Number of iterations and Maximum element depth to 

process was left as default, 4 for both parameters. The first refers to the number of smoothing iterations, 

and the second refers to the maximum element depth for the mesh points to be smoothed, counting 

from the boundary layers interface.  

The third and last step in the definition of the meshes was the insertion of the mesh operation 

Boundary Layers, to create a boundary layer mesh, which means the element density increases close 

to the wall. It is important to resolve the solution near the wall because of the thin boundary layers that 

exist due to the no-slip boundary condition that is implied to the wall.  

After the creation of the meshes, five nodes on the Physics Laminar Flow were created, all equal 

to test case A, as described in Table 1. Each pair Physics-Mesh was assigned to a Study, so there were 

5 time-dependent studies with the same time settings and solver configurations. Each Study had a Step 

1: Time-Dependent node where the parameter Times in the Study settings was set to range(0,0.01,1.2), 

meaning the problem would be solved for 1.2 seconds (the duration of que acquired velocity 

measurements) with a time step of 0.01, meaning we would get 120 output timesteps. The remaining 

definitions of each study were the same as those used for computing the solutions of the test cases, 

described in the previous section. 

As soon as the settings for each study were ready, the solutions of all 5 studies were computed 

individually, and saved in the same .mph file (which is the file format of a COMSOL model). In the branch 

Results > Data Sets of such file there were the datasets Study 1/Solution 1, Study 2/Solution 2, Study 

3/Solution 3, Study 4/Solution 4 and Study 5/Solution 5, with different solutions to the same problem 

and using the same solver settings but different meshes. To compare datasets, COMSOL Multiphysics 

has a built-in operator called Join, where pairs of datasets can be joined and directly compared. So, 4 

Join data sets were created, comparing the solution using the finer mesh (Mesh 5) with all the remaining 

solutions. For each Join, the Combination method chosen was Explicit so the data of each data set 

could be arbitrarily manipulated, by referring to its source dataset with the operators data1( ) and 

data2( ), in order to compute the errors of the velocity according to the L2- and H1-norms. 

The L2-norm and the H1-norm of a vector function f are given by expressions (39) and (40), 

respectively: 

                                                              (39) 

                                            (40) 

So, if we take f as the error of the velocity, meaning, the difference between the velocity 

computed with meshes 1 to 4 and the velocity from the most accurate solution (computed with Mesh 5), 

we get (41)-(44). 
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The absolute computational error is the difference between the exact solution of the 

mathematical model and the solution obtained through the numerical resolution of the model. The 

relative computational error is the ratio between the absolute computational error and the exact solution. 

In this case, the exact solution is unknown, therefore, the best approximation will be taken in its place, 

which is the solution obtained by solving the mathematical model using the finest mesh, Mesh 5.  

The absolute error of velocity according to the L2-norm is (41), the relative error of velocity 

according to the L2-norm is (42), the absolute error of velocity according to the H1-norm is (43) and the 

relative error of velocity according to the H1-norm is (44). 

                                                                (41) 

                                                                (42) 

                                               (43) 

                                               (44) 

 

In the presented expressions, ui stands for the velocity vector computed from the solution of the 

Mesh i, for i=1,2,3,4 and uf is the velocity vector obtained from the solution of the finest mesh, Mesh 5. 

The parcels containing the integral over the domain, ∫  
 

Ω
, were computed in COMSOL through the 

operation Derived Values > Volume integration, under the branch Results, and the volume of integration 

selected was the whole domain. The computed values were organized in tables, and exported from 

COMSOL to Excel, where they were treated and graphically reorganized to draw conclusions. The 

graphic in Figure 13 shows the result of (41), where the integration over the domain was computed for 

every timestep. The absolute error is, in general, the greatest for Mesh 1, the coarsest mesh, as 

expected. The finer the mesh, the closest the computed solution is to the exact value, which means the 

absolute error is smaller. Additionally, the highest values of the absolute error can be associated with 

the time period correspondent to velocity peaks, represented in Figure 11, whereas the time period 

where the absolute error is very similar for all the meshes considered (from approximately 0.3 s to 0.8 s) 

can be associated to the time period where the velocity is nearly zero.  
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Figure 13: Graphical distribution of the absolute error of velocity according to L2-norm over the simulation time. 

Data were obtained according to (41), where the solutions obtained from simulations using Meshes 1 to 4 were 

compared to the solution of the simulation using Mesh 5 

 

The same was done for (43), shown in the graphic of Figure 14. Unexpectedly, the solutions 

obtained from the smaller meshes, according to the H1-norm, retrieve higher absolute errors, but that 

may have to do with the fact that the gradient of the velocity is about seven times greater than the 

velocity, hence dominates the expression. As for the time period where the velocity is nearly zero, the 

absolute error according to H1-norm follows the behaviour of that of according to L2-norm. 

The graphics from Figures 13 and 14 give information on the fluctuations of the error over the 

entire time, however they do not permit a true comparison between meshes nor the convergence 

analysis since they are absolute values. Therefore, relative errors of velocity according to L2- and H1-

norm are presented in Figures 15-18.  
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Figure 14: Graphical distribution of the absolute error of velocity according to H1-norm over the simulation time. 

Data were obtained according to (43), where the solutions obtained from simulations using Meshes 1 to 4 were 

compared to the solution of the simulation using Mesh 5 

 

The graphic in Figure 15 shows the logarithm of the maximum relative error according to the 

L2-norm for the solutions computed with Mesh 1 to 4. The values were obtained by finding the maximum 

value, over time, of the numerator and denominator of (42) and dividing those maximum values. The 

objective of this operation was to have a single value representing the relative error of the velocity for 

each mesh and plot it against the logarithm of the characteristic size of each mesh, in order to get a 

sense of the convergence of the solution. The fact that the maximum relative error of velocity, according 

to L2-norm, is very similar for Mesh 3 and Mesh 4 (the finest meshes) indicates that the solution is 

converging.  

The data for the graphic in Figure 16 were obtained analogously, according to the H1-norm and 

from (44). Once again, the maximum relative error of velocity, according to H1-norm, becomes very 

similar for Mesh 3 and Mesh 4 suggesting the convergence of the solution. 
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Figure 15: Graphical distribution of the logarithm of the relative error of the maximum error of velocity according to 

L2-norm over the logarithm of the characteristic size of each mesh. Data were obtained by dividing the maximum 

value of the numerator of (42) for each mesh (which is the maximum absolute error of the velocity according to L2-

norm for Mesh 1 to 4) by the maximum value of the denominator of (42) (which is the maximum velocity of the 

solution obtained with Mesh 5, according to L2-norm). 

 

Figure 16: Graphical distribution of the logarithm of the relative error of the maximum error of velocity according to 

H1-norm over the logarithm of the characteristic size of each mesh. Data were obtained by dividing the maximum 

value of the numerator of (44) for each mesh (which is the maximum absolute error of the velocity according to H1-

norm for Mesh 1 to 4) by the maximum value of the denominator of (44) (which is the maximum velocity of the 

solution obtained with Mesh 5, according to H1-norm). 
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Furthermore, Figure 17 shows the relative error of velocity according to the L2-norm at 

significant time instances: systolic peak (0.14 s), mid diastole (0.5 s) and end-diastole (0.8 s), chosen in 

agreement with the velocity profile from Figure 11. For each time instance, (42) was computed. In the 

graphic of this figure, to each mesh size, the correspondent relative error at the significant time instances 

was indicated. For time instances 0.5 and 0.8 s, the relative errors of the solutions from all four meshes 

are similar, which could be expected, since those instances correspond to a time period where the 

velocity (plotted in Figure 11) is approximately zero. For time instance 0.14 s, a peak velocity, the 

logarithm of the relative error of the velocity according to L2-norm seems to tend to a certain value with 

order of convergence between Mesh 3 and Mesh 4 significantly higher than that of the other two meshes. 

 

 
Figure 17: Graphical distribution of the logarithm of the relative error of the velocity according to L2-norm at time 

instances 0.14 s, 0.5 s and 0.8 s over the logarithm of the characteristic size of the mesh. 

 

 

The same graphic according to H1-norm, is shown in Figure 18. Here, in all three time instances, 

the relative error of velocity according to H1-norm is the same for solutions obtained with Mesh 3 and 

Mesh 4 which seems to be the value to which Mesh 1 and Mesh converge to. 

The analysis led to believe that the solution starts to converge at Mesh 3, therefore, and taking 

into consideration the duration of each simulation, presented in Table 2, the chosen mesh to proceed 

the computational analysis was Mesh 3. 
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Figure 18: Graphical distribution of the logarithm of the relative error of the velocity according to H1-norm at time 

instances 0.14 s, 0.5 s and 0.8 s over the logarithm of the characteristic size of the mesh. 
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4. Results 

 

A valid CFD simulation result presents the distribution of the flow velocity, wall shear stress 

(WSS) and pressure in the artery. In order to quantify the changes in these hemodynamic parameters, 

area weighted average values in several locations were selected. These locations were the boundaries 

highlighted in Figure 9, including the cross section in the thoracic aorta. They were monitored to quantify 

how hemodynamics metrics were affected by each outlet boundary condition, thus numerically 

emphasizing the regions most affected by the prescribed boundary conditions. Each hemodynamic 

metric will be discussed below, separately, and, for simplification of result presentation, the simulations 

with different outlet boundary conditions will be referred to as A, B and C, according to Table 1. 

 

4.1. Velocity profile 

 

In the cardiac cycle we observe a pronounced difference between the values of velocity in the 

ascending aorta during systole and diastole. Particularly, the velocities during diastole are very close to 

zero, therefore, the analysis of the diastolic period contributes with less significant results. For that 

reason, the presented values of the velocity distribution correspond to systole, more precisely the systole 

of the second cardiac cycle. In the systole, there are identified three significant moments: early systole 

(t=0.85 s), peak of systole (t=0.945 s) and late systole (t=1.02 s). In Figure 19, the solutions at the 

referred instances are presented at fifteen cross-sections along the thoracic aorta, computed from the 

solution of the three tests: A, B and C. Besides the velocity’s magnitude, its direction at each slice is 

also represented. 

In all three tests, the velocities were the lowest at early systole (first column of Figure 19), in 

comparison with the other time instances. The distribution of velocity near the inlet reveals that higher 

values concentrate in the centre of the cross-section, suggesting the development of a parabolic (fully 

developed) flow. Reaching the aortic arch, in simulations B and C, the velocities rise at the apex of the 

curve, changing their direction in accordance to the bending of the vessel. As for simulation A, this 

phenomenon is not so obvious. Instead, the flow exits through the secondary outlets, where the 

velocities are considerably higher and almost uniformly distributed. Still at early systole, in the 

descendent portion, the velocity computed from simulation A is significantly low, in comparison with that 

of the other two simulations. Tests B and C exhibit, at the descending aorta, a flat velocity profile with 

higher velocities than in the remaining section. 

As for the following time instance (t=0.945 s), the systolic peak, the results for velocity 

magnitude distribution and direction are presented in the second column of Figure 19. At the ascending 

aorta, confirming the predictions of early systole, a fully-developed flow is observed in the three cases. 

This flow is slightly skewed with higher velocities along the concavity of the vessel. This skewness is 

more pronounced at tests B and C, in which the direction of velocity follows the curvature of the vessel. 

As for test A, and already seen at early systole, the deviation of the velocity profile is less evident, which 

can be justified by the great amount of blood flowing out the secondary branches on the aortic arch. 
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Further, at the descending aorta, the flow is essentially flat in all simulations. Additionally, for tests B 

and C, the velocities are higher than in the remaining sections. 

Still at the systolic peak, arising from the 180-degree turning of the aortic arch, the velocity 

distribution exhibits the development of a characteristic crescent-shaped axial velocity profile, in the 

beginning of the descendent portion. These swirling (or rotating) components of velocity often arise in 

arteries and may be induced by rapid turning of the flow direction as arteries bend along their length. 

When a non-uniform flow is forced to turn, the balance of angular momentum will cause rotational or 

swirl components of velocity to develop.[55] 

Regarding the late systole, depicted on the third column of Figure 19, the results for velocity 

magnitude distribution and direction are similar in the three simulations. In general, in the ascendant 

portion of the thoracic aorta, the velocities are very low, and their profile upholds the development of a 

parabolic profile, slightly deviated to the concavity of the vessel. Test A; as observed in the previous 

time instances, shows greater velocities in the secondary branches. In the descendent portion, the 

distribution of the velocities reveals the persistence of higher values near the outer wall of the vessel. 

This occurrence was already observed in the crescent-shaped axial velocity profile at the systolic peak 

and is detailed in Figure 20. 

Note that, in all images of Figure 19, on the wall of the vessel, the velocity is zero, as imposed 

by the no-slip condition. 
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Figure 19: Distribution of velocity magnitude and direction on 15 slices of the domain. This quantity is presented at 

the beginning of systole (t=0.85 s, on the first column), at the systolic peak (t=0.945 s, on the second column) and 

at the end of systole (t=1.02 s, on the third column), computed from the solution of studies: A) traction-free 

secondary outlets (on the first row); B) flow fraction based on Murray’s Law imposed on secondary outlets (on the 

second row); C) flow percentage based on literature imposed on secondary outlets (on the third row). Scale 

units: m/s. [First part of the figure, corresponding to test cases A and B, in the previous page] 

 

 

In Figure 20, the focus is on the TA cross-section and the development of the crescent-shaped 

axial velocity profile. For tests A, B and C (in first, second and third rows, respectively), the distribution 

of the velocity magnitude is shown for three time instances of the systole: 0.85 s (early systole), 0.945 s 

(systolic peak) and 1.02 s (late systole). In the early systole, when blood is being accelerated at the inlet, 

in the TA cross-section the flow is still flat. In test A, this flat profile has a velocity close to 0.4 m/s, 

whereas tests B and C, higher velocities, around 0.8 m/s. Each case is represented according to its own 

scale, in order to enhance the velocity profile. The crescent shape is most accentuated at the systolic 

peak, and again, the values of velocity are higher in tests B and C than A. This velocity distribution is 

justified by the fact that the fluid particles are forced to change direction and accelerate in order to 

preserve the axial flow. As the initial flow is fully developed, the highest velocities in the center have 

high inertia, therefore are not easily deflected. In turn, the blood near the wall has less inertia thus, 

greatly displaced. As a consequence, the highest velocities are found closer to the outer wall of the 

curvature. The rotational components of the velocity observed at the cross-sections are generated by 

these deflected velocities. 

In the deceleration phase, the crescent shaped profile is narrowed, and the tendency is to evolve 

back to a flat profile, as velocity takes very low values. 

C C C 
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Figure 20: Distribution of velocity magnitude on the TA cross-section, computed from test A, B and C presented in 

the first, second and third rows, respectively, at time instants 0.85 s, 0.945 s and 1.02 s presented in the first, 

second and third columns, respectively. Scale units: m/s. 

 

Regarding the secondary outlets, the velocity distribution at those sections was not so 

homogeneous between test cases. In test case A, where traction-free condition was imposed to all the 

outlets, the result at the systolic peak, shown in Figure 21, was a flat flow, with extremely high velocities, 

which could be justified by their proximity to the branching point [56] and explored later in the section 

4.3. of this chapter. 

A A A 

B B B 

C C C 
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Figure 21: Distribution of the magnitude of velocity at the surface of the secondary outlets. Solution at instant 
t=0.945 s, correspondent to the second systolic peak, obtained from simulation where traction-free was imposed 
to the secondary outlets. Scale units: m/s. 

 

When flow fractions according to Murray’s Law were imposed at the secondary outlets, the 

velocity distribution at these sections reveals a fully-developed flow, shown in Figure 22, with the lowest 

velocities of the three cases studied. This can be easily understood if we remember the imposed outflow 

is dependent on the inflow, which is by itself a fully-developed flow. 

 

Figure 22: Distribution of the magnitude of velocity at the surface of the secondary outlets. Solution at instant 

t=0.945 s, correspondent to the second systolic peak, obtained from simulation where flow fraction based on 

Murray’s Law was imposed to the secondary outlets. Scale units: m/s. 

A 
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Similarly, in Figure 23, the velocity distribution shows a fully-developed flow in all the sections 

of the secondary outlets, which can be explained, also by the dependence on the imposed outflows on 

the fully-developed inflow. As the flow imposed on all three outlets is the same, the relation between 

their velocities can be explained by (5), therefore it is predictable that the outlet with the smallest 

diameter has the highest velocity values. 

 

 

Figure 23: Distribution of the magnitude of velocity at the surface of the secondary outlets. Solution at instant 

t=0.945 s, correspondent to the second systolic peak, obtained from simulation where a flow percentage based on 

literature was imposed to the secondary outlets. Scale units: m/s. 

 

However, it has been shown that the distribution of the flow in the secondary branches has a 

weak impact on the hemodynamic parameters.[26] We move on to a different representation of blood’s 

velocity, the streamlines. 

Streamlines result from the integration of the velocity vectors, consequently they are 

instantaneously tangent to the velocity vector field and show the direction at which a fluid element will 

travel at any point in time. In COMSOL Multiphysics, in the streamline plots window settings, we chose 

the boundaries from which the streamlines begin and the number of streamlines to be displayed. In this 

model, the boundary to start from is the inlet of the fluid domain. The streamline plots were also set to 

have a colour expressing to the velocity magnitude.  

The arranged streamlines displaying the blood flow at three instances of systole are shown, for 

the three test cases, in Figures 24-26. In all cases, at the entry of the vessel, the velocity profile is fully-

developed, as seen previously. 

In general, in early systole, when the flow is accelerated, the flow field is stable. The main 

differences encountered between the three test cases are in the velocity magnitude. In case A, Figure 

24, the velocities on the surface of the secondary outlets are higher than in the other two cases (depicted 

C 
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in Figures 25 and 25), a consequence of the imposed pressure difference. However, in the lower section 

of the descending aorta, the velocity magnitude is lower. 

This is explained by the fact that, when the same outflow pressure conditions are applied, the 

net flux through each outlet is seen to be highly dependent on the relative lengths of the downstream 

sections, and that the flow is greater in the closest section.[56] Particularly in the vessel modeled, where 

we have four outflow sections, it is expected the flow to be lowest in the further section, the main outlet. 

Due to this, and regarding that the main outlet has the greatest diameter, taking (5) into account, the 

extremely low velocities computed at the main outlet from test case A, are comprehended. 

 

   

Figure 24: Streamline plots on the fluid domain, computed from test A at time instances 0.85 s, 0.945 s and 1.02 s, 

respectively. The streamlines have a color expressing the velocity magnitude in m/s. 

 

At the systolic peak, studies reported that highest to lowest velocities are seen in the descending 

aorta, then thoracic aorta and ascending aorta, in this order.[57] Tests B (Figure 25, middle image) and 

C (Figure 26, middle image) are in accordance to these findings, however test A (Figure 24, middle 

image) is not. This might be justifiable by the dependence on the relative distance to the outlet sections, 

as referred earlier. Additionally, significant recirculation of blood flow is observed right after the 

curvature. However, this is micro-recirculation (at negligible velocities). Since streamlines are the 

integration of the velocity vectors, they capture their direction, even if it is the direction of residual 

velocity. Furthermore, it is evident that the highest velocities occur closer to the outer wall of the 

curvature. This phenomenon appears as a consequence of the initial fully-developed flow, which is 

characterized by high velocities in the center, that imply high inertia, and lower velocities near the wall, 

subjected to less inertia. For this reason, when the blood is forced to change its direction and accelerate, 

due to the curvature of the geometry, the greatest displacements occur where there is less inertia, near 

the outer vessel wall. 
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Figure 25: Streamline plots on the fluid domain, computed from test B at time instances 0.85 s, 0.945 s and 1.02 s, 

respectively. The streamlines have a color expressing the velocity magnitude in m/s. 

 

   

 

Figure 26: Streamline plots on the fluid domain, computed from test C at time instances 0.85 s, 0.945 s and 1.02 s, 

respectively. The streamlines have a color expressing the velocity magnitude in m/s. 

 

The streamline plots at late systole computed from the three test cases are shown in the right 

image of Figures 24-26. In this deceleration phase, the velocities are consequently lower and micro-

recirculations are still present below the bending spot but should not be considered as turbulent effects. 

The acceleration and deceleration of pulsatile blood flow during systole, as well as the pulse frequency, 

are known to play a role in the development of turbulence.[58] While acceleration has a stabilizing effect, 

turbulence often appears during deceleration. However, turbulence needs some time to develop, and 

given the pulse frequency, the deceleration period might not be long enough for turbulence to appear. 
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Furthermore, studies focused on the TA blood flow with MRI data, concluded that there were, in fact, 

flow instabilities were present in the descending aorta but not necessarily associated with a fully 

turbulent flow.[25] 

4.2. Wall Shear Stress 

 

Wall shear stress (WSS) is a measure of the forces applied tangentially, by the blood, to the 

arterial wall. Blood flow leads to the development of superficial stresses near the vessel wall, that take 

the name of shear stresses, once they are parallel to the direction of the flow velocity vector very close 

to the wall.[60] The expression of the total stresses developed is given by: 

                                                  (45) 

which is the representation of the stress tensor, which has a component normal to the surface and a 

component tangential to the surface. Since we only want the stresses applied tangentially, this quantity 

is computed from (46): 

                                                              (46) 

Throughout the cardiac cycle, the distribution of the magnitude of WSS seems to be highly 

correlated with the flow streamlines and respective velocity field. Thus, this section presents the results 

of this quantity during the acceleration phase of systole, at the systolic peak and during the deceleration 

phase of systole. 

Primarily, complex WSS fields are observed due to the complex flow structures. However, 

common aspects were found between the three test cases, that is, the location of the highest shear 

stresses. 

At the aortic arch, there are extraordinary WSS peaks at the base of the branches, which can 

be comprehended as bifurcations. Because of these bifurcations, when blood arrives to the aortic arch, 

it is forced to divide in the branches. However, due to its high inertia, it cannot be immediately displaced 

into the axial directions of the branches. Consequently, the flow moves next to the inner walls of the 

bifurcation, developing high shear stresses on the flow divider, as observed in the third column of Figures 

27-29. Particularly in test case A, represented in the first row of Figures 27-29, the acting pressure 

gradient imposed on the secondary outlets, seems to enhance this phenomenon, since the WSS in this 

case is significantly higher than that of the other two, when comparing the secondary branches (BA, 

LCA and LSA). These significant differences in the WSS within the branches connected to the aortic 

arch have been reported in previous studies.[23] 

Secondly, as a consequence of the asymmetry of the initial flow, which is skewed to the inside 

of the curvature of the vessel (at the aortic arch), the change in the direction of velocity implies that high 

shear stress develops on the outer wall of the curvature, and low shear stress on the inner wall. This 

phenomenon is clearly visible during and after the systolic peak, in Figures 28 and 29.  

Additionally, there are WSS peaks detected in the apex of the curve of the aortic arch. These 

may be an overestimation resultant for any error in the geometry, and it has been reported in previous 

studies.[24] 
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Figure 27: WSS magnitude distribution for accelerating phase of systole, at t=0.85 s. Solution of test cases A, B 

and C presented in the first, second and third rows. First column shows and anterior view, second column shows a 

posterior view and third column shows a superior view. Scale units: Pa. [First part of the figure, corresponding to 

test cases A and B, in the previous page]  
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Figure 28: WSS magnitude distribution for systolic peak, at t=0.945 s. Solution of test cases A, B and C presented 

in the first, second and third rows. First column shows and anterior view, second column shows a posterior view 

and third column shows a superior view. Scale units: Pa. [First part of the figure, corresponding to test case A, in 

the previous page] 
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Figure 29: WSS magnitude distribution for decelerating phase of systole, at t=1.02 s. Solution of test cases A, B 

and C presented in the first, second and third rows. First column shows and anterior view, second column shows a 

posterior view and third column shows a superior view. Scale units: Pa. [First part of the figure, corresponding to 

test cases A and B, in the previous page] 
  

 

In sum, when using flow ratios based on Murray’s Law or literature for flow percentage at the 

secondary outlets (tests B and C), only small discrepancies can be seen in the WSS distribution. Also, 

the WSS pattern in these tests are in accordance with prior published results.[31,59] However, the 

uncommon striped effect on the descending aorta appears a consequence of the segmentation process, 

where we get a staircase effect, as shown in Figure 6. The filling between slices potentiates edges that 

cannot be homogeneously smoothed in the post-processing of the model without loss of information, 

therefore we get this pattern. 

 

4.3. Surface average velocity and flow 

 

To get an overall sense of the velocity at all instances, the average of the normal component of 

the flux on the surfaces of interest was computed. This quantity was computed as the scalar product 

between the velocity vector u and the normal direction n, according to (47), where u, v and w are, 

respectively, the x, y and z components of velocity vector u, and nx, ny, and nz, respectively, the x, y and 

z components of normal vector n. In Figure 25, these results all presented for all three test cases. 

                                          (47) 

This quantity was chosen to represent velocity over the magnitude to account for the negative 

velocities that might occur, representing reverse flow, and that would be neglected by the operation to 

obtain the magnitude of the velocity vector. 

C C C 
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In Figure 30-A, it is shown the velocity profile computed according to (47) with the solution of 

test case A. It can be noticed that during the time period 0.25-0.33 s and 1.1-1.17 s, which corresponds 

to early diastole in the cardiac cycle, the velocity takes negative values. This indicates retrograde flow 

at the secondary outlets, and that the computational solver did not suppress backflow effectively at the 

applied surface. Additionally, the higher average velocities occur in the secondary outlets, whereas in 

the other two tests, these velocities are the lowest. Notice that, still at the secondary outlets, during the 

systolic peaks, the graphic in Figure 30-A shows some apparently non-physiological oscillations of the 

mean velocity. This phenomenon has been reported previously [16], and it was considered to be 

associated with significant pressure differences that are verified when the boundary conditions are 

pressure-based. 

In Figure 30-B, the surface average of formulation (47) of the velocity is computed for the 

solution of test case B. Here a flow ratio was imposed to the secondary outlets based on Murray’s Law, 

the relative distribution of velocities is accordingly to the distribution of velocity reported in previous 

studies.[61] Figure 30-C, in turn, shows the same quantity computed for the solution of test case C, 

where a flow percentage was imposed to the secondary outlets based on literature. As this percentage 

is set the same for all three, BA, LCA and LSA outlets, according to (5) their velocities will vary contrarily 

to their diameter. 
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Figure 30: Surface average of computed normal component of the flux [m/s] on the inlet, outlet of descending aorta 

(Outlet DA), outlet of brachiocephalic artery (Outlet BA), outlet of left common carotid (Outlet LCA), outlet of left 

subclavian artery (Outlet LSA) and on the cross section at the level of thoracic aorta (Section TA). A) Traction-free 

imposed to secondary outlets. B) outflow based on Murray’s Law imposed on secondary outlets. C) outflow based 

on literature percentage imposed on secondary outlets. [First part of the figure, corresponding to test case A, in the 

previous page] 
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Figure 31 includes the computed flow rates for all sections: inlet at ascending aorta, secondary 

outlets: BA, LCA and LSA, TA level cross-section and outlet at descending aorta. These flow rates were 

computed by integrating the normal component of the flux, (47), in each of the surfaces, with the solution 

from the three test cases. In general, all the results respect the boundary conditions applied: in test A 

flow varies between BA, LCA and LSA accordingly to diameter of section of each secondary outlets and 

is higher than in the furthest outlet; in test B flow varies between the secondary outlets accordingly to 

the fraction imposed; in test C the flow in all three secondary outlets is the same, as it was imposed. 

Additionally, the mass is conserved (as expected), which means the integral of the flow at the inlet over 

the entire time is equal to the sum of the integrals of the flow at all outlets. 
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Figure 31: Computed flow profiles [m³/s] obtained from the surface integration of the velocity on the inlet, outlet of 

descending aorta (Outlet DA), outlet of brachiocephalic artery (Outlet BA), outlet of left common carotid (Outlet 

LCA), outlet of left subclavian artery (Outlet LSA) and on the cross section at the level of thoracic aorta (Section 

TA). A) Traction-free imposed to secondary outlets. B) outflow based on Murray’s Law imposed on secondary 

outlets. C) outflow based on literature percentage imposed on secondary outlets. [First part of the figure, 

corresponding to test case A, in the previous page] 
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Qualitatively all the results are accepted, but their validation depends on the comparison with 

the patient-specific measured data, which is discussed in the next section. 

 

4.4. Validation 

 

A simulation is considered valid when the differences between its results and experimental data 

are small and the uncertainties in the experimental results are also small. To validate the results obtained 

with each test, they were compared with subject-specific measured data. The patient whose aorta was 

modeled, also undergone an ultrasound examination and a Doppler study was performed. From this 

study, velocity and diameter data were obtained at the descending aorta and at a portion of the thoracic 

aorta. A flow profile was computed for each of these sections, according to the method already described 

in section 3.3. These sections were matched in the computational model through their diameter. 

Therefore, in this section, the results for the flow, computed from the solutions of the three test 

cases is compared to the measured flow of the patient. In Figure 32, the described results are presented 

for the section in the thoracic aorta, along with the relative error of each test case. The relative error is 

computed from the following expression: 

                                                                  (48) 

where fm is the value of the measured flow at each time instance, and fi is the computed flow at each 

time instance, from the three solutions. 

It is clear, observing the graphic on top of Figure 32, that in the simulation where traction-free 

was imposed to the secondary outlets, the flow through the TA section is far from the expected, in 

comparison with the solutions from inflow dependent methods. In the bottom graphic of the same figure, 

the relative errors are presented. As expected, the highest absolute relative value is associated with the 

simulation of test A. As for the other two, despite the fact that the maximum relative error of test B is 

higher than that of test C, in the remaining time instances, the relative errors of the former are always 

lower than those of the later. Therefore, for the representation of the flow across the TA section, the flow 

fraction based on Murray’s Law is the preferred outlet boundary condition for the secondary outlets. 
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Figure 32: Top: Comparison between measured and computed flow rates in section TA [m³/s]. Bottom: Comparison 

between the relative errors associated with the computed flow rates. 

 

Regarding the flow through the outlet in the descending aorta, the conclusion is not as 

straightforward as it was for the flow through the TA section. At first sight, in the graph at the top of 

Figure 33, one might notice that the solution of the test case B is the furthest to the measured flow but 

is not clear solution (between tests A and C) is the closest. Therefore, we need to analyze the relative 

errors of each test case, presented at the bottom of Figure 33. 

As suspected, test case B presents the higher values for relative error. To conclude about tests 

A and C, the integral over the time was approximated, in order to have a scalar quantity for comparison. 

These results showed that the total relative error was the least in the solution computed with test case 

A, then test C, then B. 
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Figure 33: Top: Comparison between measured and computed flow rates in outlet DA [m³/s]. Bottom: Comparison 

between the relative errors associated with the computed flow rates. 

 

The results of the section of the descending aorta are not in agreement with those of the section 

at the thoracic region, as far as the least relative error, presented in Figure 33, is concerned. However, 

in the outlet of the descending aorta, the imposed boundary condition was the same for all test cases: 

traction-free. Therefore, the results for this particular section are different because of the fraction of flow 

that exits through the secondary outlets. In fact, the flow percentage imposed on the secondary outlets 

could be adjusted to ensure the least error between the computed and the measured flow on the 

descending aorta. 
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5. Conclusions 

 

5.1. General discussion 

 

The focus of this work was numerical simulations in one of the most complex anatomies of the 

cardiovascular system, the thoracic aorta, with curvature, branching and tapering of lumen. Although it 

is known the arterial wall deforms under loads, and in particular for some arteries this deformation is 

large and should not be approximated by a rigid wall, the aortic wall has been assumed to be rigid. This 

was motivated by the fact that the study is centered on comparing methodologies for outlet boundary 

conditions, therefore the interest relies in determining the differences between the simulation results for 

the different imposed boundary conditions, rather than in precise hemodynamic computational models. 

The importance of studying the boundary conditions is reflected in the ability to implement 

physiologically accurate boundary conditions that are robust as well as simple to implement, carefully 

considered for each particular problem, involving the interactions with the upstream and downstream 

vasculatures absent in the computational domain of interest. 

In this study, the influence caused by imposing in the secondary outlets of the aorta a traction-

free boundary condition or imposing a flow rate, based on Murray’s Law or based on literature values, 

was shown. The outcomes of velocity distribution in two sections of the descending aorta were validated 

with patient specific ultrasound Doppler measurements of velocity. Through the comparison of the 

computed and measured flow rate profiles, the results of the simulations were evaluated in the time 

domain. 

The solutions of the simulations were compared in terms of the computed velocity, streamlines, 

wall shear stress and flow and validated against subject-specific flow profiles. 

The velocity distribution verified that in the inlet, descending aorta outlet and cross section at 

the thoracic level (Figure 19) these results met the theoretical proposition and also previously reported 

results. The main difference between velocity distribution of the three cases was a flat high-speed profile 

found at the secondary outlets, where the traction-free boundary condition was imposed, whereas the 

results of inflow fraction boundary conditions resulted in fully developed flows and lower velocities. Even 

though, these disparities in the aortic branches seem to not have affected the velocity distribution in the 

rest of the fluid domain. The velocity distribution is solely useful for verification (and not validation) 

because of inter- and intra- subject variability. There is no correct value for the velocity profile or exact 

shape, because different people have different anatomies, which influence the velocity distribution, and 

even the same person has several valid physiological states (for example at rest and during exercise). 

Even when the velocity is recorded during image acquisition, it is very unlikely to record the exact same 

profile, for the same patient, twice. 

The streamline representation and WSS magnitude distribution showed consistent results 

between simulations and with the theory except, once again, for the test where the traction-free was 

imposed to the aortic branches.  
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In summary, the results reflected, at the inlet of the aorta, a fully-developed flow profile, where 

the highest velocities were skewed to the concavity of the aorta. When the blood flow reaches the aortic 

arch, it encounters the bifurcations of the three branches, being forced to divide. However, due to its 

high velocity and consequent inertia, it cannot be immediately displaced into the axial directions of the 

branches. As a consequence, the blood moves next to the inner walls of the bifurcation and develops 

high shear stresses on the flow divider. Further, due to the curvature of the vessel, the remaining flow 

is forced to change direction and accelerate, to maintain the axial component. Since the highest velocity 

is in the middle of the vessel, it will offer higher inertia to change, opposite to the blood closer to the wall, 

which is slower and offers less inertia. For this reason, when the vessel bends, the flow along the outer 

wall of the curvature presents enlarged velocities and consequently higher values of WSS. 

While the three outflow conditions could not perfectly reproduce the flow profile as measured, 

they still showed good agreement with the measured results and expected velocity and WSS 

distribution. The simulations in which a flow fraction of the inflow was imposed at the secondary outlets 

were most consistent with the clinical observations, while the simulation in which a traction-free 

boundary condition was imposed presented some singularities. 

Nevertheless, it can be concluded that the results of this numerical simulation have highlighted 

the effectiveness of CFD simulation in patient-specific human thoracic aorta.  

5.2. Limitations 

 

The first limitation of this study (and of hemodynamic studies in general) to point out concerns 

the numerical data used. The accuracy of our data is dependent on the Doppler sampling and data 

processing techniques. For the velocity recording, the Doppler ultrasound beam should be aligned with 

the direction of blood flow, [62] which is difficult to grant, therefore there might be an underestimation of 

the true velocity in the aorta. Also, the velocity data used to validate the results was acquired in 2019, 

while the CT images, of the same subject, that based the geometrical reconstruction of the domain 

where acquired in 2016. 

Even if the Echocardiogram and CT images were acquired simultaneously, the available data 

would still pose some limitations. This is because the bidirectional interactions between the downstream 

computational domain and the upstream portion of the cardiovascular system are being ignored, since 

the data obtained do not represent vessel resistance directly, for instance. 

Additionally, when velocity, flow or pressure waveforms are adopted as the inflow boundary 

condition, they are only valid for one particular physiologic condition. For distinct physiologic conditions, 

more experimental data should be available. However, this data is not always accessible, therefore, 

different inflow boundary conditions, constructed based on available literature, ought to be assigned. 

In this particular study, due to the numerous possible physiological states, the mean velocities 

obtained from the Doppler study for the three cross sections (at the inlet, TA section and DA) were 

recorded at different heart rates. This means each measurement has a different cardiac cycle and that 

this influences the validation of the simulation. When validating, we compare the flow profiles of two 
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sections. Those flows were computed for the same cycle, whereas for the subject-specific profiles, their 

acquisition was not performed simultaneously, hence they belong to different cardiac cycles. 

Secondly, concerning the geometrical data, the image acquisition could introduce some errors. 

The images were acquired in the first place for medical diagnosis and not for image segmentation, which 

in turn influences its processing after the segmentation. On top of that, because of the complexity of the 

geometry due to high curvature and the bifurcations, the generation of the mesh a crucial and non-trivial 

step in the implementation of the numerical methods. 

Regarding the numerical analysis, in tests B and C the outflow was considered to be a fraction 

of the inflow, however, there is no reason to believe that the flow division through the arch branches is 

constant during the entire cardiac cycle [63] 

Finally, this is a single patient study, and in order to draw more substantial conclusions, the 

methodology should be applied to more patients, using more CT images and Doppler measurement 

data. Having more than one subject would help to understand where the exams might be introducing 

errors. 

 

5.3. Further work 

 

The model upon which this study is based was developed using reasonable assumptions from 

literature and clinical data that were translated into a modeling context. Full validation of TA studies 

comparing patient-specific simulations with in vivo data have not been published.[16] Therefore, 

additional clinical information could provide further quantifications and improve the modeling protocol. 

Concerning the inflow boundary condition, a more realistic approach would be to use PC-MRI 

to measure velocity profile at the root of the aorta. This would provide better results once it could give 

velocity vector information accounting for helical flow or other effects. 

As for the outflow boundary conditions, an improvement to this study would be to understand, 

from in vivo measurements, whether the flow division through the secondary branches is constant during 

the entire cycle and then apply that condition. 

Additionally, the results from this study could be used for swift studies, to check the solution of 

the chosen equations or, since there are studied are simple boundary conditions, to perform rapid mesh 

convergence analysis, prior to a more complete accurate hemodynamic analysis. To perform such 

analysis, other mechanical factors should be included in the boundary conditions, in order to replicate 

the fluid impedance on the downstream vasculatures and characterize the behaviour of those 

vasculatures and the external tissues around them. Still, these parameters would also require validation, 

which is limited to the clinical ability of assessing such, therefore, this limitation would be removed with 

the improvement of data collection. 

Furthermore, a future direction of this work should involve comparing these simple and 

commonly used boundary conditions against more advanced outlet boundary condition models, and 

asses their accuracy versus computational cost, to help future researchers.  
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Appendix A 

As it was mentioned in chapter 3, the most common inlet boundary conditions are velocity and 

pressure waveforms. To decide which of them would be imposed on the inlet of the model, they were 

tested with a fixed outlet boundary condition. All tests were performed using the same methodology 

described in the chapter Methods, and the fluid properties were those of blood, also described in the 

referred chapter. The geometry used for tests AA-AG was obtained from the reconstruction of thoracic 

CT-images, as described in 3.1. 

 

Inlet boundary condition: PRESSURE 

The pressure boundary condition specifies the normal stress, which in most cases is 

approximately equal to the pressure. The pressure cannot be specified pointwise since this is a 

mathematically over-constraining. Instead, the pressure can be specified as a mean value over a 

surface, via a stress condition: 

                                               (A1) 

where P0 is set as pressure profile. In this case, the pressure profile is retrieved from literature [42]. This 

mean profile is mathematically more restringent compared to specifying the pressure pointwise, once it 

cannot guarantee an accurate distribution. 

The implementation of boundary conditions by COMSOL Multiphysics, whether inlet or outlet, 

allows us to decide the application of the Suppress backflow option. At the inlet, this option adjusts the 

inlet pressure locally in order to prevent fluid from exiting the domain through the boundary. It is 

implemented as follows: 

                                                    (2) 

This effectively means that the prescribed pressure is P0 if u⋅n ≤ 0, but higher at locations where 

u⋅n>0. If suppress backflow is deselected, the inlet boundary can become an outlet depending on the 

pressure field in the rest of the domain. However, having this option selected, the software has room to 

adjust the pressure, and we might end up with an inlet pressure profile different from the imposed. 

Therefore, we studied the imposition of the pressure profile with, (A2), and without, (A1), the Suppress 

backflow option. In (A1) the software is not able to change the pressure value imposed at the inlet. 

Another way to apply a pressure profile is through the imposition of a laminar inflow boundary 

condition. In this option, a fully-developed inlet velocity profile is prescribed. This boundary condition 

adds a weak form contribution and constraints corresponding to a unidirectional flow perpendicular to 

the boundary. The software assumes a virtual domain of length Lentr attached to the inlet. This virtual 

domain is considered an extrusion of the inlet and inherits the wall boundary conditions of the real 

domain. This way, at the entrance of the fictitious domain, pentr is applied, which is our pressure profile. 

This boundary conditions translates to (A3): 
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                                                (A3) 

Inlet boundary condition: FLOW RATE 

The flow rate is imposed by COMSOL Multiphysics as a laminar inflow boundary condition in 

which a fully developed velocity profile is prescribed. The software assumes a virtual domain of length 

Lentr attached to the inlet. This virtual domain is considered an extrusion of the inlet and inherits the wall 

boundary conditions of the real domain. The software adds and ODE that calculates the pressure at the 

entrance of the fictitious domain, pentr, such that the desired inlet flow rate is obtained. The flow rate 

used is obtained from literature [42]. This boundary conditions translates to (A3). 

 

Outlet boundary condition: TRACTION-FREE 

Since the aim of these pre-studies is to determine whether a pressure profile or a flow rate 

should be imposed as inlet boundary condition, the outlet is kept constant. It was chosen as a traction-

free boundary condition. This is a pressure condition in which the normal stresses to the boundary are 

set as 0 Pa. The expression used for this boundary condition is (A1). As mentioned before, we can 

select the Suppress backflow option. At the outlet, this option adjusts the outlet pressure locally in order 

to prevent fluid from entering the domain through the boundary. It is implemented as follows: 

                                                     (A4) 

This effectively means that the prescribed pressure is P0 if u⋅n ≥ 0, but lower at locations where 

u⋅n<0. Sometimes the pressure is lowered, but not enough to reverse backflow. This means that this 

system may not completely prevent backflow, but it is substantially reduced. It also means that, due to 

its freedom to adjust the outlet pressure, sometimes we might not get the imposed pressure profile. For 

that reason, we tested each inlet boundary condition with suppress and no suppress traction-free outflow 

condition. 

 

Table A1 summarizes the cases that were simulated and their results. 
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Table A1: Summary of the cases that were studied and their results. 

 
Inlet Outlet Results 

AA Pressure + 

suppress 

backflow 

Traction-free 

+ suppress 

backflow 

The computed pressure at the inlet does not correspond to 

the pressure profile imposed at the inlet. At the outlets, the 

flow rate profiles are just oscillations without physiological 

meaning. 

AB Pressure + 

suppress 

backflow 

Traction-free - 

suppress 

backflow 

Did not converge to a solution. 

AC Pressure - 

suppress 

backflow 

Traction-free 

+ suppress 

backflow 

Did not converge to a solution. 

AD Pressure - 

suppress 

backflow 

Traction-free - 

suppress 

backflow 

Did not converge to a solution. 

AE Pressure 

(Laminar 

inflow) 

Traction-free 

+ suppress 

backflow 

There is a pressure drop due to the entrance length imposed, 

which is essential to the development of the flow. We cannot 

guarantee that the imposed pressure is respected. Outlets 

were set as traction-free, however, the pressure there is not 

zero.  

The flow rates are unstable (oscillatory profile) and are non-

sense. 

AF Pressure 

(Laminar 

inflow) 

Traction-free - 

suppress 

backflow 

There is a pressure drop due to the entrance length imposed, 

which is essential to the development of the flow. We cannot 

guarantee that the imposed pressure is respected. Outlets 

were set as traction-free, however, the pressure there is not 

zero. 

The flow rates show stable profiles, however they do not make 

physiological sense (they are constant throughout the cycle). 

AG Flow rate 

(Laminar 

inflow) 

Traction-free 

+ suppress 

backflow 

The pressure in the outlets is very close to zero (there are few 

adjustments from the suppress backflow). There are still some 

numerical instabilities at early diastole in the inlet secondary 

outlets. 

Flow rates have a profile and relative distribution between 

outlets as expected. 

AH Flow rate 

(Laminar 

inflow) 

Traction-free - 

suppress 

backflow 

Did not converge to a solution. 

Note: The signals “+” and “-“ refer to, respectively, the selection and non-selection of the suppress backflow option. 

 

The tests of Table A1 allowed to conclude that the best option was to use flow rate as the inlet 

boundary condition, and select the Suppress backflow option at the outlet, as test AG. 
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The flow rate in all outlets was not considered since it poses a major difficulty. Besides Navier-

Stokes equations mathematically permit specifying a complete velocity field at an outlet, it implies that, 

at each point, the prescribed velocity outlet is consistent with the interior solution. A single test was 

performed, with flow rates imposed on all boundaries, but it did not converge to a solution. 

Besides the validation of test AG with regards to the flow rate, there were still present some 

numerical instabilities in the computed pressure profile. Therefore, these oscillations were investigated. 

Firstly, to rule out the uncertainty associated with the first solution computed, the inflow was adapted, to 

contain three cardiac cycles. The “uncertainty of the first solution” refers to the initial approximation that 

the software takes to compute the solution. In this case, the initial guess is zero, for all the velocity 

components and pressure. Since these initial values are far from the approximation of the solution, the 

hypothesis was that they might have introduced the observed errors. The results of this simulation, 

shown in Figure A1, allowed us to conclude that the instabilities, despite slightly less frequent, were still 

present in the solution. 

 

Figure A 1: Computed pressure in Pa from the study AG simulating three cardiac cycles. 

The next step was to simulate the same conditions in the same geometry with a refined mesh. 

Due to the refinement performed, the simulation retained an excessive number of degrees of freedom. 

As a consequence, those calculations which exceeded the computational memory of the machine and 

the simulation crashed.  

Following, test AG was repeated in a cylinder. This cylinder aimed to be a simplified version of 

the descending aorta, with the reference diameter for the aorta (0.02 m) and 0.25 m in length. The 

properties of the fluid were those of the blood. 

The results of this simulation were not different for the oscillations at the pressure profile 

computed. However, this test allowed us to conclude about a different phenomena related to the 

pressure profile. Negative values of pressure had been noted in these tests, as can be observed in 
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Figure A1, in the late systole. Also in this period, Figure 30-A revealed negative velocities at the 

secondary outlets, predicting flow reversal on those locations. This flow reversal near the arterial walls 

had already been described in [11]. Nonetheless, these findings in the cylinder test, help us understand 

the phenomena. 

The velocity magnitude distribution and direction, at several cross sections of the cylinder 

(Figures A2-A4), revealed a periodic effect which consisted in the development of negative velocities 

near the wall of the cylinder, resembling the Womersley profile. 

 

Figure A 2: Representation of the magnitude and distribution of the computed velocity at the systolic peak. From 
simulation of test AG in a cylindrical tube. 

 

 
Figure A 3: Representation of the magnitude and distribution of the computed velocity at late systole. From 
simulation of test AG in a cylindrical tube. 

 

 
Figure A 4: Detail of Figure A 3. 

 

Both test AG in the cylinder and test A in the thoracic aorta, have an inflow boundary condition 

and a traction-free outlet boundary condition in all outlets. These last results on the cylinder, allowed us 

to relate the negative pressures observed with the computed velocity profiles. 


